Note #5 Joint Distributions

Joint Distributions

A bivariate normal distribution generalizes the concept of normal distribution to bivariate ran-
dom variables. It requires a matrix formulation of quadratic forms, and it is later studied in
relation with a linear transformation of joint densities. An important application for bivariate
normal distributions is discussed along with the introduction of conditional expectation and
prediction.

Operations in matrices. Matrices are usually denoted by capital letters, A, B, C, ..., while
scalars (real numbers) are denoted by lower case letters, a,b,c, .. ..

(a) Scalar multiplication: k [CCL b] = {

ka kb
d

ke kd

. la bl le f| |ae+bg af +bh
(b) Product of two matrices: L d} [g h} = [ce—i—dg cf+dh]'

T
. a b a c
(c¢) The transpose of a matrix: [c d] = [b d] )

Determinant and inverse of a matrix.

b

d} = ad — be.

(a) Determinant of a matrix: det [z
(b) The inverse of a matrix: If A = [CCL Z] and det A # 0, then the inverse A~! of A is given

by
e 1 d —b _ 1 d —b
det A |—c a ad —bc |—c a |’

and satisfies AA™' = A71TA = E) (1)} .

Quadratic forms. If a 2-by-2 matrix A satisfies AT = A, then it is of the form {a

b
b C], and

is said to be symmetric. A 2-by-1 matrix x = Eﬂ is called a column wvector, usually denoted

by boldface letters x, vy, . .., and the transpose ’ = [x y] is called the row wvector. Then, the
bivariate function

Q,y) =a"Az = [z ¢ [b C} m = az? + 2bay + ey (5.1)

is called a quadratic form.
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Cholesky decomposition. If ac — b* # 0 and ac # 0, then the symmetric matrix can be
decomposed into the following forms known as Cholesky decompositions:

i =L v [ e

Decomposition of quadratic form. Corresponding to the Cholesky decompositions of the
matrix A, the quadratic form Q(x,y) can be also decomposed as follows:

Q(z,y) = (\/Eer%y)ZvL <\/ac;b2 y>2 (5.4)

:< _b>+(\i[+\fy) (5.5)

Bivariate normal density. The function

) = g (~5000)) (56)

2mo L0y

with the quadratic form

Qa.y) = [(w—ux)2+<m)2_zp(l‘—ﬂx)(y—uy)] (5.7

2
1—0p o Oy 00y

gives the joint density function of a bivariate normal distribution.

Quadratic form of bivariate normal density. Note that the parameters o7, o7, and p must

satisfy 02 > 0, 02 > 0, and —1 < p < 1. By defining the 2-by-2 symmetric matrix (also known
as covariance matriz) and the two column vectors

5 [ o; pax;fy] oz H ond = {u} |
POz0y Oy Y Fy
the quadratic form can be expressed as
Qz,y) = (& — )" (& — p)

= [o = y— 1] { i pUx20y] ) {m ~ ﬂ : (5.8)

PO20y Uy Y — Uy

Marginal density functions. Suppose that two random variables X and Y has the bivari-
ate normal distribution (5.6). Then their marginal distributions fx(x) and fy(z) respectively

become ,
1 1 (x—p,
fX(x) = /_271'0'95 exp {—5 ( o ) }
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and

Thus, X and Y are normally distributed with respective parameters (u,,02) and (u,, 02).

Independence condition for X and Y. If p = 0, then the quadratic form (5.7) becomes

L — Ha ? Y — Hy ’
= (222 (28

and consequently we have f(x,y) = fx(z)fy(y). Thus, X and Y are independent if and only if
p=0.

Conditional density functions. If X and Y are not independent (that is, p # 0), we can
compute the conditional density functions fy|x(y|x) given X = x as

- 2
SR p———— O R L
v V2ro,/1 — p? 2 agy\/1 — p?

which is the normal density function with parameter (1, + p2* (7 — f1.), 02(1 = p?)). Similarly,
the conditional density function fxy(y|x) given Y = y becomes

Oz 2

Fe(ely) 1 1 (@ = e = pE(y = py)
T\y) = eXp§ — =

X[y — 5 Y g

2mo,/1 — p?
which is the normal density function with parameter (1 + p2=(y — py), o2(1 — p?)).

Covariance calculation. Let (X,Y) be bivariate normal random variables with parameters
(Has iy, 03,00, p). Recall that f(z,y) = f(z)f(ylz), and that f(y|z) is the normal density with
mean j, + p7*(x — p,) and variance o7 (1 — p?). First we can compute

| =)t dy =024~ ).

oo x

Then we can apply it to obtain
Cov(X,Y) = / / (v — pa)(y — py) f (2, y) dy da

:/Oo(‘”‘#w) Uoo(y—uy)f(yliv)dy f(z)dz

o, [~ o
=p2 | (@— )’ f(z)de = p—to; = po.oy

Correlation coefficient p. The correlation coefficient of X and Y is defined by
~ Cov(X)Y)
P \/Var(X)Var(Y)
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It implies that the parameter p of bivariate normal distribution represents the correlation coef-
ficient of X and Y.

Conditional expectation. Let f(z,y) be a joint density function for random variables X
and Y, and let fy|x(y|x) be the conditional density function of ¥ given X = z (see Note #2:
“conditional density functions”). Then the conditional expectation of Y given X = x, denoted
by E(Y|X = z), is defined as the function h(z) of x:

[e.o]

E(Y|X = 2) = h(z) = / y Frix(yle) dy.

In particular, h(X) is the function of the random variable X, and is called the conditional
expectation of Y given X, denoted by E(Y|X).

Conditional expectation of a function ¢(Y). Similarly, we can define the conditional
expectation for a function g(Y’) of the random variable Y by

oo

E(g(Y)|X = 2) = / o(y) fox(yl) dy.

—00

Since E(g(Y)|X = z) is a function, say h(x), of x, we can define E(g(Y)|X) as the function
h(X) of the random variable X.

Linearity properties of conditional expectation. Let a and b be constants. By the defini-
tion of conditional expectation, it clearly follows that

E(aY +b|X =2) =aE(Y|X =2z) +b.

Consequently, we obtain
E(aY +b|X) =aE(Y|X) +b.

Law of total expectation. Since E(g(Y)|X) is a function h(X) of random variable of X, we
can consider “the expectation E[F(g(Y)|X)] of the conditional expectation E(g(Y)|X),” and
compute it as follows.

ELE(G(MIX)) = [ hia)fxle) do
= /Z UZ 9(y) fyix(y|x) dy} fx(z)dx

= [T st ] st

= /_OO 9 fy(y) dy = E[g(Y)].

[e.e]

Thus, we have E[E(g(Y)|X)] = E[g(Y)].

Conditional variance formula. The conditional variance, denoted by Var(Y'|X = x), can be
defined by

Var(Y|X = 2) = E((Y — E(Y|X = 2))}X = x)
=EY}X =2)— (EY|X =2))%
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where the second equality can be obtained from the linearity property. Since Var(Y|X = x) is
a function, say h(x), of x, we can define Var(Y'|X) as the function h(X) of the random variable
X.

Conditional variance formula, continued. Now compute “the variance Var(E(Y|X)) of the
conditional expectation E(Y|X)” and “the expectation F[Var(Y|X)] of the conditional variance
Var(Y]X)” as follows.

Var(E(Y|X)) = E[(E(Y]X))*] - (E[E(Y]X)))”

= E[(E(Y|X))*] - (E[Y])* (1)
E[Var(Y|X)] = E[E(Y?|X)] - E[(E(Y|X))’]

= E[Y?] - B[(E(Y|X))’] (2)

By adding (1) and (2) together, we can obtain

Var(E(Y|X)) + E[Var(Y|X)] = E[Y?] — (E[Y])? = Var(Y).

A function ¢;(X) in conditional expectation. In calculating the conditional expectation
E(g1(X)go(Y)|X = x) given X = z, we can treat g;(X) as the constant ¢;(x); thus, we have
E(g1(X)g(Y)|X =2) = q1(x)E(g2(Y)|X = z). This justifies

E(9:1(X)g2(Y)|X) = 91(X)E(g2(Y)]X).

Prediction. Suppose that we have two random variables X and Y. Having observed X = z,
one may attempt to “predict” the value of Y as a function g(x) of x. The function ¢g(X) of
the random variable X can be constructed for this purpose, and is called a predictor of Y. The
criterion for the “best” predictor g(X) is to find a function g to minimize the expected square
distance E[(Y — g(X))?] between Y and the predictor g(X).

Prediction, continued. We can compute E[(Y — g(X))?] by applying all the properties of
conditional expectation.

E[(Y - g(X))*) = E[(Y = E(Y]X) + B(Y|X) - g(X))?]
= E[(Y ~ E(Y|X))’]

+ BR(Y — E(Y[X))(E(Y|X) = g(X)) + (E(Y]X) = g(X))?
= E[E((Y - E(Y|X))*|X)]

+ B2(B(Y]X) - g(X))B((Y — E(Y]X))|X)]

+E[(E(Y]X) — g(X))?]
= E[Var(Y|X)] + E[(E(Y|X) — g(X))2],

which is minimized when g(x) = E(Y|X = z). Thus, we can find ¢(X) = E(Y|X) as the best
predictor of Y.
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The best predictor for bivariate normal distributions. When X and Y has the bivariate
normal distribution with parameter (1., f,, 02, UZ, p), we can find the best predictor

a.
E(Y|X) = p, + pa—y(X — ),

which minimizes the expected square distance E[(Y — g(X))?] to o2(1 — p?).

The best linear predictor. Except for the case of bivariate normal distribution, the condi-
tional expectation E(Y|X) could be a complicated nonlinear function of X. So we can instead
consider the best linear predictor

9g(X)=a+pX
of Y by minimizing E[(Y — (a + 8X))?]. First we can observe that

E[(Y — (a+ BX))’]
= E[Y?] — 2ap, — 2BE[XY] + o + 2aBu, + f*E[X?]

where i, = E[X] and p, = E[Y].

The best linear predictor, continued. we can obtain the desired values a and g by solving

G%E[(Y — (a+ BX))*] = —2u, + 200+ 2B, =0
%E[(Y — (a+ BX))?] = —2B[XY] + 2au, + 2BE[X* =0

The solution can be expressed by using o = Var(X), 07 = Var(Y), and p = Cov(X,Y)/(0,0y),
and obtain
EIXY] - EXIE[Y] o,

EXT=(BX]? o,

b=
o
= py = Bhe = pry = pE iy
In summary, the best linear predictor g(X) becomes

9(X) = iy + p22(X — ).

Oz

Transformation of variable. For an interval A = [a, b] on real line with a < b, the integration
of a function f(x) over A is formally written as

/A f(x)de = / ’ f(z) dx. (5.9)

Let h(u) be differentiable and strictly monotonic function (that is, either strictly increasing or
strictly decreasing) on real line. Then there is the inverse function g = h™!, so that we can
define the inverse image h™'(A) of A = [a,b] by

h™'(A) = g(A) = {g(x) : a <2 < b}
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The change of variable in the integral (5.9) provides the formula

ih(u) du. (5.10)

du

/A fydr= [ o)

Transformation theorem of random variable.

Theorem 1. Let X be a random wvariable with pdf fx(x). Suppose that a function g(x) is
differentiable and strictly monotonic. Then the random variable Y = g(X) has the pdf

() = fx(g™'(y)) ‘d%g‘l(y)’ : (5.11)

A sketch of proof. Since g(z) is strictly monotonic, we can find the inverse function h = g7,

and apply the formula (5.10). Thus, by letting A = (—o0, t], we can rewrite the cdf for Y as

Fy(t) = P(Y <t) = P(Y € A)
= P(g9(X) € A) = P(X € h(A))

B /h<A> Pty de = /g(h(A)) Je(htu) d%h(y)’ dy

d
= [ fx(g7'(y ‘—91 y ’ dy
[ 1t ) | o' 0)
¢
By comparing it with the form / fv(y) dy, we can obtain (5.11).

Example 2. Let X be a uniform random variable on [0, 1]. Suppose that X takes nonnegative
values [and therefore, f(x) = 0 for < 0]. Find the pdf fy(y) for the random variable Y = X".

Solution. Let g(z) = 2". Then we obtain h(y) = g~'(y) = y"/", and K/ (y) = Ly/™~1. Thus,
we obtain

fr(y) = ly“/”"lfx(yl/") =

n

syl i<y < 1
0 otherwise.

Linear transform of normal random variable. Let X be a normal random variable with
parameter (p,02). Then we can define the linear transform Y = aX + b with real values a
and b. To compute the density function fy(y) of the random variable Y, we can apply the
transformation theorem, and obtain

I S I €l V)
fr(y) = |a|0\/% P 2(ac)?

This is the normal density function with parameter (au + b, (ac)?).
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Transformation of two variables. For a rectangle A={(z,y): a1 <x <by, as <y < by}
on a plane, the integration of a function f(z,y) over A is formally written as

by b
/ f(z,y) d:z:dy—/ flx,y)dxdy (5.12)

Suppose that a transformation (g1(z,y), g2(z,y)) is dlfferentlable and has the inverse transfor-
mation (hq(u,v), he(u,v)) satisfying

r=mw) e dontyar 4T @) (5.13)
y = ha(u,v v = )

Transformation of two variables, continued. We can state the change of variable in the
double integral (5.12) as follows: (i) define the inverse image of A by

h'(A) = g(A) = {(g1(z,9), 2(, 1)) = (x,y) € A},

(ii) calculate the Jacobian

—hy(u,v) hl(u v)

Jp(u,v) = det [ 2 o (1 v) hg(u SE (5.14)
(iii) finally, if it does not vanish for all x,y, then we can obtain
/ f<x7y) dl’dy: / f(hl(uav)th(u7U)) |Jh(uav)| dudv. (515)
A 9(4)

Transformation theorem of bivariate random variables.

Theorem 3. Suppose that (i) random variables X andY has a joint density function fxy(z,y),
(ii) a transformation (g1(x,y), go(x,y)) is differentiable, and (i) its inverse transformation
(hi(u,v), ho(u,v)) satisfies (5.13). Then the random variables U = g1(X,Y) and V = g2(X,Y)
has the joint density function

fov(u,v) = fxy(hi(u,v), ho(u,v)) |Jn(u,v)|. (5.16)

A sketch of proof. Define A = {(u,v) : u < s, v <t} and the image of A by the inverse
transformation (h(u,v), ho(u,v)) by

h(A) = {(h1(u,v), ha(u,v)) : (u,v) € A}.
Then we can rewrite the joint distribution function Fy;y for (U, V') by applying the formula (5.15).
Fyv(s,t)=P((U,V)e A) = P((¢1(X,Y), 92(X,Y)) € A)

= P((X,Y) e h(A)) = fxy(x,y)dvdy
h(A)

_ / Py (B (1, 0), ha(u, 0)) [ Jn(u, v)| dudv
(h(A))

:/Afx,y(hl(u,v),hg(u,v))|Jh(u,v)| du dv

which is equal to ffoo [ fuv(u,v) dudv; thus, we obtain (5.16).
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Exercises

Problem 1. Verify the Cholesky decompositions by multiplying the matrices in each of (5.2)
and (5.3).

Problem 2. Show that the right-hand side of (5.4) equals (5.1) by calculating

Qa,y) = [z y] [b/ja Wﬁw} Voa J%} m

Similarly show that the right-hand side of (5.5) equals (5.1).

Problem 3. Show that (5.8) has the following decomposition

Tty — pZ(y — )\’ -\’
Q(a:,y):( - 1%_[)2 y) +(yayuy) (E1)
:(:v—ux)2+ Y=ty — pt (T — i) ’ (E2)
Oy o/ 1 — p?

by completing the following:

(a) Show that (5.7) is equal to (5.8).
(b) Find the Cholesky decompositions of 371
(c) Verify (E1) and (E2) by using the Cholesky decompositions of 7.

Problem 4. Compute fx(x) by completing (i) and (ii). Then find fy|x(y|z) given X = z.

(i) Show that [*°_ f(x,y)dy becomes
1 . 1 (x — uz>2
N
2mo, P 2 Oz

1 /Oo 1
X exp{ ——
V2roy\/1—p? Jooo 2 ( o/ 1 —p?

(ii) Show that

- 2
1 = 1 (y—py—p(T — i)
exp{ —= L dy
V2roy\/1 —p? J-o 2 oy\/1— p?
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Problem 5. Suppose that the joint density function f(x,y) of X and Y is given by

F@,y) 2 fo<z<y<l;
./L‘, = .
4 0 otherwise.

a) Find the covariance and the correlation of X and Y.

(a)
(b) Find the conditional expectations E(X|Y =y) and E(Y|X = z).
(c¢) Find the best linear predictor of Y in terms of X.

)

(d) Find the best predictor of Y.
Problem 6. Suppose that we have the random variables X and Y having the joint density

flany) = g(x—i—y)Q if0<zr<land0<y<I;
’ 0 otherwise.

(a) Find the covariance and correlation of X and Y.
(b) Find the conditional expectation E(Y|X = z).

(c) Find the best linear predictor of Y.

Problem 7. Let X be the age of the pregnant woman, and let Y be the age of the prospective
father at a certain hospital. Suppose that the distribution of X and Y can be approximated by
a bivariate normal distribution with parameters p, = 28, u, = 32, 0, =6, o, = 8 and p = 0.8.

(a) Find the probability that the prospective father is over 30.

(b) When the pregnant woman is 31 years old, what is the best guess of the prospective father’s
age?

(c) When the pregnant woman is 31 years old, find the probability that the prospective father
is over 30.

Problem 8. Suppose that (X7, X5) has a bivariate normal distribution with mean vector g =
2
[MI} and covariance matrix ¥ = [ Oz P20y

2
fhy poL0y O

} . Consider the linear transformation
)

Y1 =g1(X1, Xa) = a1 Xy + by
Yy = g2(X1, Xa) = aeXo + bo.

Then answer (a)—(c) in the following.
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(a) Find the inverse transformation (hq(u,v), he(u,v)), and compute the Jacobian Jj(u,v).
(b) Find the joint density function fy, y,(u,v) for (Y3, Y3).

(c) Conclude that the joint density function fy, y,(u,v) is the bivariate normal density with
aifty + b1 (a10,)? plaro;)(azoy)

and covariance matrix 3 = .
Aafly + bQ} plaro;)(azoy) (az0,)?

mean vector g = [

Problem 9. Let X; and X5 be iid standard normal random variables. Consider the linear
transformation

Y1 = g1(X1, Xo) = an Xy + a10Xs + by;
Yy = g2(X1, Xo) = a1 X1 + agnXs + by,

where ajya92 — a12a2; # 0. Find the joint density function fy, y,(u,v) for (Y7,Y3), and conclude
by

by

that it is the bivariate normal density with mean vector pu = and covariance matrix

2
o) PO O
= N Y 2 _ 42 2 2_ 2 2 _
3= {pa - 2 ] where o3 = aj; + afy, 0, = a3 + ay, and p =
z0y

Y

11021 + G12G22
\/(a% + a%2)(a’%1 + a§2)

Problem 10. Suppose that X and Y are independent random variables with respective pdf’s
fx(z) and fy(y). Consider the transformation

U=qg(X,Y)=X+Y;
X
X+Y'

Then answer (a)—(c) in the following. The density function (5.17) for V' is called the beta
distribution with parameter (o, as).

V = gQ(X,Y) =

(a) Find the inverse transformation (hy(u,v), ho(u,v)), and compute the Jacobian Jj(u, v).
(b) Find the joint density function fxy(z,y) for (X,Y).

(c) Now let fx(x) and fy(y) be the gamma density functions with respective parameters
(a1, A) and (ag, A). Then show that U = X +Y has the gamma distribution with parameter

X
(ag + a2, A\) and that V = Yoy

has the density function

~ Tlog + o)

Tlaglay) 7 17

Problem 11. Let X and Y be random variables. The joint density function of X and Y is
given by
flz,y) =

re~(@ty) if 0 <xand0<y;
0 otherwise.
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(a) Are X and Y independent? Describe the marginal distributions for X and Y with specific
parameters.

(b) Find the distribution for the random variable U = X + Y.

Problem 12. Consider an investment for three years in which you plan to invest $500 in average
at the beginning of every year. The fund yields the fixed annual interest of 10%; thus, the fund
invested at the beginning of the first year yields 33.1% at the end of term (that is, at the end
of the third year), the fund of the second year yields 21%, and the fund of the third year yields
10%. Then answer (a)—(c) in the following.

(a) How much do you expect to have in your investment account at the end of term?

(b) From your past spending behavior, you assume that the annual investment you decide is
independent every year, and that its standard deviation is $200. (That is, the standard
deviation for the amount of money you invest each year is $200.) Find the standard
deviation for the total amount of money you have in the account at the end of term.

(¢) Furthermore, suppose that your annual investment is normally distributed. (That is,
the amount of money you invest each year is normally distributed.) Then what is the
probability that you have more than $2000 in the account at the end of term?

Problem 13. Let X be an exponential random variable with parameter A. And define
Yy =X"

where n is a positive integer.

(a) Compute the pdf fy(y) for Y.
(b) Find ¢ so that

cxe if x > 0;
0 otherwise.
is a pdf. Hint: You should know the name of the pdf f(z).

(¢) By using (b), find the expectation E[Y].

Problem 14. Let X and Y be independent normal random variables with mean zero and the
respective variances o2 and 0. Then consider the change of variables via

U =an1 X Y
{ anX + as (5.18)

vV = (ZQlX + CLQQY
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where D = ajjag9 — ajaas; # 0. (i) Find the variances o2 and o2 for U and V, respectively. (ii)
Find the inverse transformation (h(u,v), hao(u,v)) so that X and Y can be expressed in terms
of U and V' by

X =m(UV);
Y =hy(U,V).

And (iii) compute the Jacobian J,(u,v). Then continue to answer (a)-(d) in the following.

(a) Find p so that the joint density function fy 1 (u,v) of U and V' can be expressed as

Jov(u,v) = ! — exp (—%Q(u,v)) .

2T0,0,

(b) Express Q(u,v) by using o, 0,, and p to conclude that the joint density is the bivariate
normal density with parameters u, = pu, =0, oy, 0,, and p.

(c) Let X' = X + p, and Y' =Y + p,. Then consider the change of variables via

U/ = allX’ + ang'
V/ == ang' + CLQQY,

Express U’ and V' in terms of U and V', and describe the joint distribution for U" and V'
with specific parameters.

(d) Now suppose that X and Y are independent normal random variables with the respective
parameters (i, ;) and (i, 0.). Then what is the joint distribution for U and V' given
by (5.18)7?

Problem 15. Suppose that a real valued data X is transmitted though a noisy channel from
location A to location B, and that the value U received at location B is given by U = X + Y,
where Y is a normal random variable with mean zero and variance 05. Furthermore, we assume
that X is normally distributed with mean p and variance o2, and is independent of Y.

(a) Find the expectation E[U] and the variance Var(U) of the received value U at location B.

(b) Describe the joint distribution for X and U with specific parameters.

(c) Provided that U = ¢ is observed at location B, find the best predictor g(t) of X.

(d) Suppose that we have y =1, 0, =1 and o, = 0.5. When U = 1.3 was observed, find the
best predictor of X given U = 1.3.

To complete Problem 15, you may use the following theorem:
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Linear transformation theorem of bivariate normal random variables. Let
X and Y be independent normal random variables with the respective parameters
(tzy 02) and (g1, 07). Then if aiya20 — a12a21 # 0, then the random variables

U= CZHX + CL12Y
V= ang + CLQQY

has the bivariate normal distribution with parameter p, = a1t + aiaply, fe =
2 _ .2 2 .2 2 2__ .2 2 92 2
A1 fle + G2fly, 0y = G110 + 150, 0 = G307 + a0, and

2 2
1102105 + Q120220

p= :
V(@102 + 3,03 (a3,0% + a30?)
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Optional problems

Objective of assignment. A sequence of values, Xi,..., X, are governed by the discrete

dynamical system
Xk:aka_l—l—Bk, ]{?:1,...,71, (519)

where a;’s are known constants, and Bj’s are independent and normally distributed random
variables with mean 0 and variance (). It is assumed that initially the random variable X is
normally distributed with mean Z, and variance F,. Otherwise, the information about the value
X} of interest is obtained by observing

where hy’s are known constants, and W}’s are independent and normally distributed random
variables with mean 0 and variance R.

Objective of assignment, continued. The data 7, = z,, k = 1,...,n, are collected sequen-
tially. By completing Problem 16 and 17 you will find an “algorithm” to recursively compute
the “best” estimate Zy,...,Z, for the sequence of unobserved values, Xi, ..., X,,.

Problem 16. The density function

f(yla yQ) = ! 5 exXp (_%Q(yh yQ))

2mo1094/1 —p

with the quadratic form

Qy1,92)
_ 1 . [<y1—ﬂl)2+ (y2—ﬂ2)2_2p(y1—M1)<92—M2)]
1—p o1 09 0102

gives a bivariate normal distribution for a pair (Y, Y3) of random variables. Then answer (a)—(c)
in the following.

(a) The marginal distribution for Y5 has the normal density function

1 1y — 2\

Find the expectation F[Y3] and the variance Var(Y5) for Y.

(b) Find fi1(y1]y2) satisfying
fyy2) = filyilyz) f2(y2)

The function fi(y;|y2) of y; is called a conditional density function given Ys = ys.

(c) Argue that fi(y1]y2) is a normal density function of y; given a fixed value ys, and find the
expectation E(Y;|Y2 = ys) and the variance Var(Y:|Ys = yo) given Y2 = 5.
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Remark on Problem 16. Note that the parameters o2, 02, and p must satisfy o2 > 0, 02 > 0,
and —1 < p < 1. It is determined by the 2-by-2 symmetric matrix and the mean column vectors

oty ] < ] awa [ < 1]

The quadratic form Q(y,y2) has the following decomposition

2
Y1 — 1 — pZ(ya — pi2) Yo — fi2\
Qy1,y2) = = + (
(41.32) Ny o2

Problem 17. Suppose that the variable Xj_; has a normal distribution with mean Z,_; and
variance Pj_; at the (k — 1)-th iteration of algorithm. In order to complete this problem you
may use “linear transformation theorem of bivariate normal random variables” in Problem 15.
Answer (a)—(e) in the following

(a) Argue that Xj has a normal distribution, and find 7, = E[X}] and P, = Var(X},).

(b) Find the joint density function for (X}, Z;) in terms of Zy, Py, hy and R.

HINT: Let U = X = Xy, V = Z;, and Y = W}, and apply the linear transformation
theorem with 11 = A9y = 17 19 = 0, and 91 = hk

(c) Find the “best” estimate ¥ = E(Xy|Zy = 2) and the variance P, = Var(Xy|Z), = 2) in
terms of Ty, Pk, hi and R.

(d) Argue that X} has a normal distribution with mean 2 and variance P.

(e) Continue from (c). Find the formula K} in order to express &y = Ty + Ky (2 — hpT)-

Concluding remark. The formula K}, in Problem 17(e) is called the Kalman gain. Then the
“best” estimate 2; and the variance P are recursively used and the computation procedure of
Problem 17(a) and (c) is applied repeatedly. The resulting sequence Z1,..., 2, is the “best”
estimate for Xy,...,X,,. This iterative procedure became known as the discrete Kalman filter
algorithm.
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Answers to exercises

Problem 1 and 2. Discussion in class should be sufficient in order to answer all the questions.

Problem 3 and 4. The following decompositions of ¥~! are sufficient in order to answer all

the questions.

[ o2 pamay] -

poOL0y O,
_ 1 { o, PO,
= 1= ) |-poe, o
_ L 0 _ . B ) )
= | 7=V 1,;”2 1 ozy/1-p? Uy\l/l—p2
_O'y 1—p2 E L O U_y
S p _— N 0 _
Oy O 1,p2 O
= Y D 1
0 oyr/1—p2 Uz\/17p2 O'y\/lpr

Problem 5.
(a) C/OV(X, Y)=FEXY]|-EX|E]Y]|=(1/4)—(1/3)(2/3) = 1/36,and p = (1/36)/+/(1/18)? =
1/2.

(b) Since f(z]y) = i for 0 <o <yand f(ylz) = = for z <y < 1, we obtain E(X|Y =y) =
fand E(Y|X =1x) = xTH

(c) The best linear predictor g(X) of Y is given by g(X) = g, + pZ(X — pi) = 5X + 5.

(d) Then best predictor of Y is E(Y|X) = 2. [This is the same as (c). Why?]

Problem 6.
(a) Cov(X,Y) = E[XY] — E[X]E[Y] = 17/42 — (9/14)* = —5/588 and p = {Gomoth =
—25/199.

(b) B(Y|X = 1) = ji5iesd

(¢) The best linear predictor g(X) of Y is given by ¢(X) = —25X + 12.

Problem 7.

(a) P(Y >30) =P (X2 > —1) =1 — ®(-0.25) ~ 0.60.

8
(b) E(Y | X =31) = (32) +(0.8) (3) (31 — 28) = 35.2
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(c) Since the conditional density fy|x(y | x) has the normal density with mean ;= 35.2 and
variance 02 = (8)?(1 — (0.8)?) = 23.04, we can obtain

Y —35.2

PY>30|X=31)=P
(¥ 2 30] ) ( 4.8

> —1.08 ‘ X = 31)

=1— ®(—1.08) ~ 0.86

Problem 8.
U—bl U—bg L 0 1
h = dh = . Thus, J =det |© = —.
() o) = 2 o) = S Ths, ) = et [ 1| =
u—61 U—bg) 1 1 < 1 )
b u,v) = , . = exp | —=Q(u,v) |,
) frasl0) = o, (g )] = e (50

where Q(u, v) = —L, [(u—(am+b1>>2 N <v(a2uy+b2)>2 Y p(u(awz+b1))(v(azuy+bz))} |

1—p a10z az0y (a10z)(az0y)

(c¢) From (b), fv,y,(u,v) is a bivariate normal distribution with parameter p, = ajp, + by,
fy = Qofty + ba, 00, = |a1|os, 0, = |az]oy, and p if ajas > 0 (or, —p if ajas < 0).

age(u —by) — ar2(v — by) and hg(u U) _ —ag1(u—by) +a (v — 52)'

a11G22 — A12G21 a11Q29 — A12G21

Problem 9. (i) hy(u,v) =
1

A11022 — Q12021

Thus, Jy(u,v) =

1 1
(i) Note that fx, x,(x,y) = o OXP (—§(x2 + yQ)). Then we obtain
m

1
= h h .
le,Yz (’LL, U) le,X2( l(u’ U)? 2(“? U)) 1109 — Q12091

Lo (Lo,

B 27T\61116122 - a12a21]

2 2 -1
_ aj, +ajs a11a21 + G12a929 u—by
where Q(u, v) = [(u —b) (- b2)} {anam + a12a99 a3, + a3, 1 |:U —by| "

(iii) By comparing fy, y,(u,v) with a bivariate normal density, we can find that fy, y,(u,v) is a
bivariate normal distribution with parameter i, = by, j1, = be, 02 = a2, + aly, 02 = a3y + a3,
11021 + 12022

\/(a% + a%?)(agl + Q%Q)

Problem 10.

and p =

(a) hi(u,v) =wv and he(u,v) = u — uv. Thus, Jy(u,v) = det [1 3 y _uu] = —u.

(b) fxv(x,y) = fx()fr(y)
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(c) We can obtain

fov(u,v) =] —u| X fx(uwv) x fy(u—uv)
_ 1 a1 ,—A(uv) oa1— 1 as ,—Au—uv) . ag—
=u X —F(oq))\ e (uv)* 1 x —F(aQ)A e (u — uv)*>!
= fu(u)fv(v)
where fy(u) = —F(all—i— aQ))\O‘1+°‘2e_’\“uo“+a2_1 and fy(v) = —;‘((zll);:(zz)) v (1 —v)e2h

Thus, fy(u) has a gamma distribution with parameter (o + ag, A), and fi-(v) has a beta
distribution with parameter (aq, as).

Problem 11.

(a) Observe that f(z,y) = (ze ™) - (e7Y) and that xe™®, x > 0, is the gamma density with
parameter (2,1) and e”¥, y > 0, is the exponential density with A\ = 1. Thus, we can
obtain

fx(z) = / flx,y)dy = xe‘x/ e Vdy=wxe ", x>0;
0 0

)= [ fapde=e [Caerin=er g0
0 0

Since f(z,y) = fx(z)fy(y), X and Y are independent.

(b) Notice that the exponential density fy (y) with A = 1 can be seen as the gamma distribution
with (1,1). Since the sum of independent gamma random variables has again a gamma
distribution, U has the gamma distribution with (3,1).

Problem 12. Let X; be the amount of money you invest in the first year, let X5 be the amount
in the second year, and let X, be the amount in the third year. Then the total amount of money
you have at the end of term, say Y, becomes

Y = 1.331X; + 1.21X, 4+ 1.1X;.
(a) E(1.331X; + 1.21X, 4+ 1.1X3) = 1.331E(X1) + 1.21E(X3) + L.1E(X;) = 3.641 x 500 =
1820.5.

(b) Var(1.331X; + 1.21X, + 1.1X3) = (1.331)*Var(X;) + (1.21)*Var(Xs,) + (1.1)*Var(X3) =
4.446 x 200% ~ 177800. Thus, the standard deviation is \/Var(Y) ~ v/177800 ~ 421.7.

Y — 1820.5 S 2000 — 1820.5
421.7  — 421.7

(¢) P(Y >2000) = P ( > ~1— 0(0.43) ~ 0.334.

Problem 13.

(a) By using the change-of-variable formula with g(z) = z", we can obtain fy(y) = fx(g97*(v))
fX(y%) . %y_(%) = %y_(%) exp <—)\y%> , Y= 0
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(b) Since the pdf f(x) is of the form of gamma density with (n + 1, \), we must have f(x) =

)\n—l—l )\n—l—l 1
mx”e"\z, x > 0. Therefore, ¢ = Tt 1) (= ’\n, , since n is an integer).
n n
(¢) Since f(z) in (b) is a pdf, we have [;° f(z)dz = [~ F)(\Zji—-ll 2"e M dx = 1. Thus, we can
obtain E[Y] = E[X"] = [ 2" (Ae ) dx = Tt (= 2 since n is an integer).

Problem 14. (i) o} = Var(U) = a},0% + aj,0, and o} = Var(V) = a3,07 + a3,0,.

(ii) A1 (u,v) = §(anu — a1ov) and he(u,v) = 5(—anu + anv).

(ili) We have J,(u,v) = 5.

a11a2103+a12a220§

\/(aflo‘%+a§205)(a510%+a§205)

(a) p=

(b) Q(u,v) can be expressed as

1 u ) v\ UV
o =5 () + ()

Thus, the joint density function fy v (u,v) is the bivariate normal density with parameters
fy = i, = 0 together with oy, 0,, p as calculated in (a) and (c).

() U =U++ anpty + aropy and V' =V + agypiz + agopr,. Then U” and V'’ has the bivariate
normal density with parameters p, = a1ty + @12/ty, [ty = G214z + Q22[by, Oy, Oy, and p.

(d) (U,V) has a bivariate normal distribution with parameter p, = aiifty + a12fty, fy =

2 2 2 2

2 2
2 2 2 o 2 2 2 o G1102103+0a120220;
21 fle + Ao2fly, 0y = 0110, + A150,, 0, = 45,0, + a5,0,, and p =

\/(“?1‘7%‘*‘“%205)(a%1‘792c+a%205)

Problem 15.

(a) E[U] = E[X]+ E[Y] = p and Var(U) = Var(X) + Var(Y) = 02 + ;.

(b) By using linear transformation theorem, we can find that X and U have the bivariate

normal distribution with means p, = p and j,, = p, variances o} = o2 and o), = 02 + 7,
O-.Z’

and p = ———.
P Jto?
2
E(X|U=t . t— 1, t— ).
(c) B(X| ) =tz +p u( fh) = u+gg+0§( 14)

_ 13y — (1)? _
(d) E(X|U=13)=1+ m(m — 1) =1.24.
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