Note #6 Sampling Distributions

Sampling Distributions

In statistics, a random sample is a collection of independent and identically distributed (iid)
random variables, and a sampling distribution is the distribution of a function of random sample.
For example, the average and the variance formula are functions of random sample. The term
“statistic” is referred to an individual function of a random sample, and the understanding of
sampling distributions is the major undertaking of statistics.

Moment generating function. Let X be a random variable. The moment generating function
(mgf) of X is given by
M(t) = E [e¥].
The mgf M (t) is a function of ¢ defined on some open interval (cg, ¢1) around 0 with ¢ < 0 < ¢;.
In particular when X is a continuous random variable having the pdf f(z), the mgf M (t) can
be expressed as
M(t) = / e f(x) dw.

The most significant property of moment generating function is that the moment generating
function uniquely determines the distribution.

MGF of normal distribution. Suppose that X is a standard normal random variable. Then
we can compute the mgf of X as follows.

1 OO tx _z 1 > —l(z—t)2+—
MX(t):E 662(1372E e 2 2 dx

2 1 [ @ (tz)
=e? — e 2 dr=-exp 3

Since X = (Y — u)/o becomes a standard normal random variable and Y = ¢ X + p, the mgf
of Y can be given by

o?t?
My(t) = €uth(0't) = exXp (T + /Jt)

for —oc0 < t < o0.

MGPF of gamma distribution. Suppose now that X is a gamma random variable with
parameter (a, \). Then the mgf My (t) of X can be computed as follows.

Mx(t) = el zO e dm:—/ 2 e A0 gy
w0 = [ g Ta) Jy
A 1

- = = — a—le—()\—t)x . i~
_ (A-t)ar(a)/o (A= 1)) (A —1)d

) g e ()

where (A —t)x is substituted by w, and (A —¢)dz by du. It should be noted that this mgf Mx (t)
is defined on the open interval (—oo, A).

Joint moment generating function. Let X and Y be random variables having a joint density
function f(x,y). Then we can define the joint moment generating function M(s,t) of X and Y

Page 1 Probability and Statistics 1I/January 29, 2026




Note #6 Sampling Distributions
by

M(S,t) sX+tY / / sx+tyf JZ y dlE dy

If X and Y are independent, then the joint mgf M(s,t) becomes
M(s,t) = E [T = E[e**] - E [¢"] = Mx(s) - My(2).

Moreover, it has been known that “if the joint mgf M (s, t) of X and Y is of the form M, (s)-My(t),
then X and Y are independent and have the respective mgf M;(s) and My (t).”

Sum of independent random variables. Let X and Y be independent random variables
having the respective probability density functions fx(x) and fy(y). Then the cumulative
distribution function Fz(z) of the random variable Z = X + Y can be given as follows.

Fr() = P(X +Y < 2) = / U P (@) fy )dy] da
/ Fx(@)Fy (2 — 2) d,
where Fy is the cdf of Y. By differentiating Fy(z), we can obtain the pdf fz(z) of Z as
F22) = / fx(@ ( Fy (s — x>) dx
=[xt a)do

Convolution. The function of z
(f * 9) / f(@)g(z — ) do

is called the convolution of f and g. Thus, the pdf fz(z) for Z = X + Y is given by the
convolution of the pdf’s fx(x) and fy(y). Then we can easily verify

Mty = [ [ rxto)fete -2y de| dz = Mx(O)M (1)
[/ |

Therefore, as we will see in the examples below, the construction of moment generating function
is much easier in order to “find the distribution of the sum of independent random variables.”

Example 1. Let X and Y be independent normal random variables with the respective param-
eters (p,02) and (py,07). Find the distribution for Z = X +Y.

Solution. We can calculate

o2t? o’t?
Malt) = Mx(t) My(0) = exp T2+t ) s (T4 + )

(0% + o2)t?
= exp (Ty + (M + p1y)t
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which is the mgf of normal distribution with parameter (u, + p,, 02 + 05). Thus, we find that
Z is a normal random variable with parameter (pi, + 1, 02 + 07).

Example 2. Let X and Y be independent gamma random variables with the respective pa-
rameters (o, A) and (a9, ). Find the distribution for 7 = X + Y.

Solution. We can calculate

which is the mgf of gamma distribution with parameter (a; + as,A). Thus, Z is a gamma
random variable with parameter (a; + ag, A).

Chi-square distribution. The gamma distribution

1
- = .n/2-1-x/2 >0
f($) 2”/2F(n/2)x € , Xz

with parameter (n/2,1/2) is called the chi-square distribution with n degrees of freedom (df).
Since it has only one parameter n, the mgf M (t) of chi-square distribution can be simply

expressed as
1/2 n/2
M(t) = — (1 = 2t) /2

Chi-square distribution of one degree of freedom. Let X be a standard normal random
variable, and let

Y = X?

be the square of X. Then we can express the cdf Fy of Y as Fy(t) = P(X? <t) = P(—/t <
X < V't) = ®(V/t) — ®(—+/t) in terms of the standard normal cdf ®. By differentiating the cdf,

we can obtain the pdf fy as follows.

1
—Fy(t) = —t_ie_% — —25—1/26—1;/27

NG 21/2T(1/2)

where we use I'(1/2) = /7. Thus, the square X? of X is the chi-square random variable with
1 degree of freedom.

Chi-square distribution with n df. Let X, ..., X, beiid standard normal random variables.
Since X?’s have the gamma distribution with parameter (1/2,1/2), the sum

Y = zn:Xf
=1

has the gamma distribution with parameter (n/2,1/2). That is, the sum Y has the chi-square
distribution with n degree of freedom.
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Student’s t-distribution. Let X be a chi-square random variable with n degrees of freedom,
and let Y be a standard normal random variable. Suppose that X and Y are independent. Then

the distribution of the quotient
Y

VX/n

is called the Student’s t-distribution with n degrees of freedom. The pdf fz(z) is given by

fz(2) = M(l + Zz/n)_("ﬂ)m, —00 < z < 00.

NP)

F-distribution. Let U and V' be independent chi-square random variables with r; and 79
degrees of freedom, respectively. Then the distribution of the quotient

U/’f'l
/=L
V/’f’g

is called the F-distribution with (ri,r3) degree of freedom. The pdf fz(z) is given by

fZ(Z) o F((’Fl + TQ)/2>

—(r1+7r2)/2
— (r1fr)/22m 270 (14 2L e 0<z<oco
T(r1/2)T(rs/2) ’

T2

Quotient of two random variables. Let X and Y be independent random variables having
the respective pdf’s fx(z) and fy(y). Then the cdf F(z) of the quotient

Z=Y/X
can be computed as follows.

Fz(z)=P(Y/X <2)=P(Y >2X, X <0)+ P(Y < zX, X > 0)

- [ swa) rwas [T s a] me

By differentiating, we obtain

o) = 2 Fale) = [ map@alfs@) dot [ fah@n)fele) do
— [ el (o2 o) o

Derivation of t-distribution. Let X be a chi-square random variable with n degrees of
freedom. Then the pdf of the random variable U = /X /n is given by

fo(x) = %P(\/X/n <z)= %Fx(nﬁ)

I G g
27211 (n/2)

= 2nz fx (na?) x
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for t > 0; otherwise, fy(t) = 0.

Derivation of t-distribution, continued. Suppose that Y is a standard normal random
variable and independent of X. Then the quotient

_ Y
vV X/n

has a t-distribution with n degrees of freedom. The pdf fz(z) can be computed as follows.

& n"/2 oo 2 2
T Tz r)dx = gheF A2 g0
1 o0
_ 1 2 (n+1)/2/ Hn=1)/2,—t gy
\/TL?TF(TL/Q)< +2°/n) 0 c
_ ['((n+ 1)/2)(1 4 Z2/n)—(n+1)/2

vl (n/2)

for —oc0 < 2z < 0.

Derivation of F-distribution. Let U and V be independent chi-square random variables
with r; and ry degrees of freedom, respectively. Then the quotient
U
z=Un
V/ T2

has F-distribution with (r1,rs) degree of freedom. By putting Y = U/r; and X = V/ry, we can
compute the pdf fz(z) as follows.

/ " el f(a2) fx () da

oo

ri/2 re/2 00
_ T Zr1/2—1 / x(rl+r2)/2—16—(r1z+r2)1‘/2 dr
20T (1 2)T (r22) :
7{1/27'52/2 ( /2 r1/2—1 - ( )/2—1_—t
= P12 4 rg) TVITT2)/2 /e / lritr2)/2=le=t qp
Dl /2T (/) "5 ;
F((Tl + TQ)/2> /2 v /21 r —(r1+r2)/2
= /2,7 14+ — , 0 <2< oo.
Dl /2T (/) (T2 G
Population and random sample. The data values recorded x4, ..., x, are typically consid-
ered as the observed values of iid random variables X, ..., X,, having a common probability

distribution f(z). Specifically we may assume that f(z) is a normal distribution with parame-
ter (u,0?). In a typical statistical problem it is useful to envisage a population from which the
sample should be drawn. A random sample is chosen at random from the population, ensuring
that the sample is representative of the population.

Sample mean. Let Xi,..., X, be iid normal random variables with parameter (u,c?). The
function of random sample
o1&
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is called the sample mean. Then we obtain

2

E[X] = p and Var(X) = .
n

Furthermore, X has the normal distribution with parameter (u,0?/n).

Sample variance. The function of random sample

P D (X - X)?

n—14%
i=1

is called the sample variance. The sample variance S? can be rewritten as

e () < 2 (S )

In particular, we can obtain

n—1

Bls?) = — (Z E[(X; — p)*] = nE[(X — u)2]>

Theorem 3. X has the normal distribution with parameter (u,0%/n), and X and S? are inde-

pendent. Furthermore,

n—158% 1 &« _
Wn—l = % — EZ(XZ _ X)2
=1

g

has the chi-square distribution with (n — 1) degrees of freedom.

Rough explanation of Theorem 3. Assuming that X and S? are independent (which is not
so easy to prove), we can show that the random variable W,,_; has the chi-square distribution
with (n — 1) degrees of freedom. By introducing V = 5 3" (X; — p)* and Wy = (X — p)?,
we can write V' = W,,_; + Wj. Since W, _; and W; are independent, the mgf My (t) of V' can
be expressed as

MV(t) = Mw,_, (t) X My, (t)’

where My, ,(t) and My, (t) are the mgf’s of W,,_; and W7, respectively. Observe that W, has
the chi-square distribution with 1 degrees of freedom. Thus, we can obtain
C My(t)  (1—2t)7?

My, ,(t) = 3= = 207 (1 — 2t)~(=D/2
1

which is the mgf of the chi-square distribution with (n — 1) degrees of freedom.
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t-statistic. Assuming iid normal random variables X1, ..., X,, with parameter (u,0?), we can
construct a standard normal random variable Z; = j{/;\/% and a chi-square random variable W,,_;
of Theorem 3. Furthermore, the function of random sample

_ X—p
X (o/ﬁ) _ 4

S/\/ﬁ /(n—1)S2/02 [ W1
n—1 n—1

has the t-distribution with (n — 1) degrees of freedom, and it is called ¢-statistic. The statistic
S = /52 is called the sample standard deviation.

T

Sampling distributions under normal assumption.

(a) The sample mean X is normally distributed with parameter (y,0?/n), and

7, = M ~ N(0,1)

(b) The statistic
1 - (n—1)5?
an:_E X, — X)P= 7 P
1= ( ) Xn—1

o2
has a chi-square distribution with (n — 1) df, and independent of X (Theorem 3).

(¢) The t-statistic has t-distribution with (n — 1) df

X _ po \/ﬁ(f—u) B 7 ,
S/n  [m—1)s2/0? W1 nt
n—1 n—1

Critical points. Given a random variable X, the critical point for level « is defined as the
value ¢ satisfying P(X > ¢) = a.

(a) Suppose that a random variable X has the chi-square distribution with n degrees of free-
dom. Then the critical point of chi-square distribution, denoted by Xq.n, is defined by

P(X > Xan) = a.

(b) Suppose that a random variable Z has the ¢-distribution with m degrees of freedom. Then
the critical point is defined as the value t,,, satisfying

P(Z >tom) = a.

Critical points, continued. Suppose that a random variable Z has the t-distribution with
m degrees of freedom. Since the ¢-distribution is symmetric, the critical point ¢,,, can be

equivalently given by
P(Z < —tom) = .
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Together we can obtain the expression

P<_ta/2,m <Z< ta/?,m)
=1- P(Z < _ta/Q,m> — P(Z > ta/g’m) =1-—oq.

Extrema. Let Xi,..., X, be independent and identically distributed random variables (iid
random variables) with the common cdf F'(x) and the pdf f(x). Then we can define the random
variable V' = min(Xj,...,X,) of the minimum of X;,..., X,,. To find the distribution of V,
consider the survival function P(V > x) of V' and calculate as follows.

PV >z)=PXy>uz,...,X, > 1)
— P(X, > 2) X - x P(X, > ) = [l — F(z)]".

Extrema, continued. Since Fy(z) =1 — P(V > x), we obtain the cdf Fy(z) and the pdf

fv(z)of V
Fy(z) =1-[1-F(z)]"
and p
Jv(w) = ——Fy(2) = nf(z)[1 = Fz)]"™".
In particular, if X;,..., X,, be independent exponential random variables with the common
parameter ), then the minimum min(X7, ..., X,) has the density (n\)e~ (™) which is again the

exponential density function with parameter (n\).

Order statistics. Let X,..., X, be iid random variables with the common cdf F'(z) and the
pdf f(x). When we sort X,..., X, as

X(l) < X(g) <0 < X(n),
the random variable X, is called the k-th order statistic.
Theorem 4. The pdf of the k-th order statistic Xy is given by

n! k—1 n—k
le) = i @@L - P (61)

Proof of theorem: Infinitesimal probability. If f is continuous at z and ¢ > 0 is small, then
the probability that a random variable X falls into the small interval [z, z + §] is approximated
by 0f(x). In differential notation, we can write

Plx <X <z +dzx)= f(x)d.

Now consider the k-th order statistic X(;) and the event that x < X() < o + dv. This event
occurs when (k — 1) of X;’s are less than z and (n — k) of X;’s are greater than x ~ z + dz.

Since there are (kf1 o k) arrangements for X;’s, we can obtain the probability of this event as
_ n! k—1 n—k
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which implies (6.1).

Beta distribution. When X7, ..., X, be iid uniform random variables on [0, 1], the pdf of the
k-th order statistic X () becomes

n!

@) = =i —w)

"1 —2)" k) 0<e <1,

which is known as the beta distribution with parameters « =k and g =n —k + 1.
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Exercises

Problem 1. Consider a sample X, ..., X, of normally distributed random variables with vari-
ance 02 = 5. Suppose that n = 31.

(a) What is the value of ¢ for which P(S? < ¢) = 0.90?
(b) What is the value of ¢ for which P(5% < ¢) = 0.957

Problem 2. Consider a sample X, ..., X, of normally distributed random variables with mean
1. Suppose that n = 16.

(a) What is the value of ¢ for which P(|4(X — u)/S| < ¢) = 0.95?
(b) What is the value of ¢ for which P(|4(X — u)/S| < ¢) = 0.99?

Problem 3. Suppose that X,..., Xg are iid normal random variables with parameters =0
and o2 > 0.

(a) Let Z = X7 4+ X5 + X3+ X4. Then what is the distribution for Z?
|14
(b) Let W = X2 4+ X§ + X7 + X§ + X§ + X7,. Then what is the distribution for —?
o

Z/2

VW/6

(c) Describe the distribution for the random variable

A
(d) Find the value ¢ for which P (— < c) = 0.95.
vW

Problem 4. Suppose that system’s components are connected in series and have lifetimes that
are independent exponential random variables X, ..., X, with respective parameters A\, ..., \,.

(a) Let V' be the lifetime of the system. Show that V' = min(Xy,...,X,).

(b) Show that the random variable V' is exponentially distributed with parameter > 7" | A;.

Problem 5. Each component A; of the following system has lifetime that is iid exponential
random variable X; with parameter .

A Ay
As Ay
As— Ag
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(a) Let V be the lifetime of the system. Show that V' = max(min(X;, X5), min(X3, X,), min(X5, Xg)).
(b) Find the cdf and the pdf of the random variable V.

Problem 6. A card contains n chips and has an error-correcting mechanism such that the card
still functions if a single chip fails but does not function if two or more chips fail. If each chip
has an independent and exponentially distributed lifetime with parameter A, find the pdf of the
card’s lifetime.

Problem 7. Suppose that a queue has n servers and that the length of time to complete a job
is an exponential random variable. If a job is at the top of the queue and will be handled by
the next available server, what is the distribution of the waiting time until service? What is the
distribution of the waiting time until service of the next job in the queue?
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Optional problems

Joint distribution of order statistics. Let U and V be iid uniform random variable on
[0,1], and let X = min(U,V) and Y = max(U,V). We have discussed that the probability
P(x < X < x+dx) is approximated by f(x)dx. Similarly, we can find the following formula in
the case of joint distribution.

Plx <X <z+4de,y <Y <y+dy) = f(z,y)dzdy.
In particular, we can obtain

Pl <U<z+dr,y <V <y+dy) =drdy.

Problem 8. By showing that

Prx<X<z+dr,y<Y <y+dy)
—Plx<U<z+dr,y<V <y+dy)
+ Pz <V <z+dr,y<U<y+dy),

justify that the joint density function f(x,y) of X and Y is given by

2 fo<er<y<l1;

0 otherwise.

f(w,y)z{

Problem 9. Continue Problem 8, and answer the following questions.

(a) Find the conditional density fxy(x|y) and fy|x(y|x).
(b) Find the conditional expectations E(X|Y =y) and E(Y|X = z).

Problem 10. Let
(")y’”(l—y)"_’” ifxr=0,1,...,nand 0 <y < 1;

xT

flwy) = {0 otherwise.

(a) Find the marginal density fy(y) = > .o, f(z,y) for 0 < y < 1, and the conditional
frequency function fxy(z|0) given Y = 6. Then identify the distribution for fx|y(z|6).

(b) Find the marginal freqency function fx(z) = fol f(z,y) dy.
(c) Given x = k, find the conditional density and fy|x(y|k), and identify the distribution for
fyix (ylk).

In Bayesian statistics (later in this semester) fy(y) is called a prior distribution of parameter 6
of binomial distribution (n,#), and fy|x(y|k) is a posterior distribution of parameter 6 provided
that we have observed X = k from the binomial distribution.
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Answers to exercises

Problem 1. Observe that 305%/5 = 652 has a y2-distribution with 30 degrees of freedom.
(a) P(S* < ¢) = P(65* < 6¢) = 0.90 implies 6¢ = x§ ; 30 ~ 40.26. Thus, ¢ ~ 6.7.
(b) P(S* < ¢) = P(65% < 6¢) = 0.95 implies 6¢ = X§ ¢330 ~ 43.77. Thus, ¢ = 7.3.

AX—p) _ X—np
S " S/Vio

Problem 2. Observe that has a t-distribution with 15 degrees of freedom.

(a) ¢ = t0.025,15 ~= 2.13.

(b) ¢ = to.005,15 =~ 2.95.

Problem 3. (a) N(0,40?).

(b) Since W/o? = (X5/0)*+- - +(X10/0)? and each (X; /o) has the standard normal distribution,
W/o? has the chi-square distribution with 6 degrees of freedom.

Z/2 Z/(20)
VWG (W[o?)/6
\/% has the ¢-distribution with 6 degree of freedom.

A Z/2 6
(d) Since P (\/_W < C) =P <—V{//6 < §c>, the result of (c) implies that ‘/760 = to.05.6 ~
1.94. Thus, ¢ ~ 1.58.

(c) We can write . Since Z/(20) is independent of W/o?, and has the

standard normal distribution,

Problem 4. (b) P(V > t) = P(X; > t)x-- X P(X; > t) = e Mix--.xe ™ =exp (= >.1 \)
is the survival function of V. Therefore, V' is an exponential random variable with parameter

Z?:l Ai-
Problem 5. (b) Let Y7 = min(Xy, X5), Yo = min(X3, X), and Y3 = min(X5, X4). Then Y7, Y5

and Y3 are iid exponential random variables with parameter 2). Since V' = Y(3), we obtain
fr(t) =6 e™M(1 —e )2 > 0.
By integrating it, we can find the cdf Fy (t) = (1 — e=2)3,

Problem 6. Let X; denote the lifetime of the i-th chip, and let V' denote the lifetime of the
card. Then X;’s are iid exponential random variables with A, and V' = X(3). Thus, we obtain

fu(t) =n(n — DA[e XD — et ¢ 5 0,

Problem 7. Each of n servers completes a job independently in an exponentially distributed
time with A. Then it is known that the sojourn time between the jobs is exponential with nA\,
and that the sojourn times are independent each other. Therefore, (i) the distribution of the
waiting time at the top of the queue is exponential with nA, and (ii) the distribution of the
waiting time for the second in the queue is given by the sum of two iid exponential random
variables, that is, the gamma distribution with (2, n\).
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