MATH 4480/5480: PROBABILITY & STATISTICS II Quiz 9

Q.1 (5 points) Suppose that (X,Y’) has a bivariate normal distribution with yp, =2 and p, = 0, and
that the covariance matrix ¥ for (X,Y) satisfies

=0 ] s o)

Answer each of the following questions.

a , as the joint density function —~ exp (—5Q(x,y)). Find a, b, and ¢ 1n the form o T,y) =
X,Y) has the joint density f '45; %Q Find a, b, and ¢ in the f fQ

(x —a)? + [by + c(z — a))%

We obtain

e =e-2 |y oh]| s sa |5 7] = -2+ L3 -2+ /20

andﬁnda:2,b:%andc:_

Y

2
(b) Find o and 8 in the conditional density function fy|x(y|z) = W exp [_% (%) ]

By using the result of (a) we obtain

5 1(5 3 2 1 1 (y-2@-2\

Thus, we find a = 13—0 and 8 = 2.
Remark. It has a normal distribution with p = 2(z — 2) and o2 = (2/5)2.

(c) Find the conditional expectation E(Y|X).
By the remark above we can find E(Y|X) = (X — 2).

Q.2 (5 points) Suppose that X and Y are independent normal random variables with parameters
fe = pty = 1 and o, = o, = 1. Suppose that U and V are given by

U=2X+Y;

V=X-Y.

Then the conditional density function fyy(v[u) has a normal distribution with mean p1, +p2=(u — fiu)

and variance o2(1 — p?) .

(a) Find the mean parameters p,, and u, for (U, V).

LetA:[2 1 X

Y

1 1] be the matrix of the linear transformation [g] =A [

el =4l =1 200 [

Thus, we have p,, = 3 and p, = 0.

} . Then we obtain
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(b) Find the parameters o2, o2 and p for the joint distribution of (U, V).

u

We can calculate the covariance matrix for (U, V') by

o2 poyoy| r (2 1][1 o0]f2 1] _[5 1
[pauav 03 ]_AZA _[1 _J [0 1] [1 _1]_[1 2]

where ¥ is the covariance matrix for (X,Y). Thus, we find 02 = 5 and 02 = 2. Then the

correlation coefficient p = ——— = —— can be obtained.

(G)(2) V10

(c) Provided U = t, find the best predictor of V.

It is the mean value of the conditional density fyi7(v[t), and calculated as

Oy
E(VIU=1)=py+p—(t = pu) =

u

| =+
Sy
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