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Random Variables

In probabilistic models, a random variable is a variable whose possible
values are numerical outcomes of a random phenomenon. As a function
or a map, it maps from an element (or an outcome) of a sample space to
real values. The underlying probability over sample space makes it
possible to define its cumulative distribution, which allows us to calculate
quantities such as its expected value and variance, and the moments of
its distribution.



Random variables.

A numerically valued map X of an outcome w from a sample space 2 to
the real line R Sanple SPACE o it venl numbers

X:Q-KR:w— X(w)

is called a random variable (r.v.), and usually determined by an

experiment. We conventionally denote random variables by uppercase
CUPEIL YEERiE

letters X, Y,Z, U, V, etc., from the end-of-alphabet letters. In particular,

_— T T T S
a discrete random variable is a random variable that can take values on

a finite set {a1, as,...,a,} of real numbers (usually integers), or on a

countably infinite set {a;, as, a3, ...}. The statement such as “X = a;" is
. S e

an event since oul tome / omeqe, Evens

{w: X(w) =ai} ¢ 1
—_——

is a subset of a sample space Q.



Frequency function.
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We can consider the probability of the event {X = a;}, denoted by
P(X = a;). The function et o Jou, by 4 {x=a:h
—3
p(a;) == P(X = a;) = P(fweqsr iw)=4:})

over the possible values of X, say a1, az, ..., is called a frequency Tm
function, or a probability mass function. The frequency function p 4
Probability mass tunctior

Z p(ai) =1,

where the sum is over the possible values of X. The frequency function

must satisfy

will completely describe the probabilistic nature of random variable.
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Joint distributions of discrete random variables.

Xifbzw = xeyelR , Yifhsu— Yt
When two discrete random variables X and Y are obtained in the same
experiment, we can define their joint frequency function by
——— y&-\f &M
'4 «
p(ai, bj) = P(X = a;, Y = bj) = pix-atniv-bt)

Bt
where a;, as,... and by, by, ... are the possible values of X and Y, )
respectively. The marginal frequency function of X, denoted by px, /
can be calculated by ffept 1540l
pa, bj)
o/ \@ px(ai) = P(X = a;)) = > p(aj, by),

J
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= P(IX=4it) = pas b) < € Pl bn)
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where the sum is over the possible values by, by, ... of Y. Similarly, the """
marginal frequency function py(b;) = ", p(ai, bj) of Y is given by  pa.iy
summing over the pOSS|bIeg’aIues ai, an,...of )j
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Example

An experiment consists of throwmg a fair coin three times. Let X be
the number of heads, and Iet Y be the number of heads before the first
the number of heads, L ¥ be theé number of heads berore the nrst

tail.

1. List the sample space Q.= {hre rer, -, T7T 4
O Describe the events {X = 0}, {Y =0}, and {X =0, Y = 0}.
O Find the frequency function p for X and Y. And compute the joint

V frequency p(0,0).

/\ T, PYeol = 4777, The, ThT, Tra b | dxzofes b2 {T2T S
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Example

An experiment consists of throwing a fair coin three times. Let X be
the number of heads, and let Y be the number of heads before the first

tail.

1. List the sample space Q.

2. Describe the events {X =0}, {Y =0}, and {X =0, Y = 0}.

3. Find the frequency function p for X and Y. And compute the joint
frequency p(0, 0).
bkzif = (W77, Tal) 771 |

1. Q={HHH,HHT HTH, THH, HTT, THT, TTH, TTT}

2. {&z 0} ={TTT}, {Y=0}={TTT, THH, THT, TTH}, and
{(X=0 T/—:’d}_; (TTT},

3. px(0) = §; Px(l)__g

py(o)—2,Py() % F
p(0,0) = P(X:0 Y: ):



Cumulative distribution function.
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nother useful function is the cumulative dlstrlbutlon function (cdf),
and it is defined by

=

F(x) = P(X < x), —00 < x < 00.

The cdf of a discrete r.v. is a nondecreasing step function. It jumps
wherever p(x) > 0, and the jump at a; is p(a;). cdf’s are usually denoted

by uppercase letters, while frequency functions are usually denoted by
lowercase letters.



Independent random variables.
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Let X and Y be discrete random variables with joint frequency function

p(x,y). Then X and Y are said to be independent, if they satisfy

p(x,y) = ’Zf:ffj)”Y(Y)

Pk dreoansy L ond brequn
for all possible values of (x,y). s



Example

Continue the same experiment of throwing a fair coin three times. Let

X_be the number of heads, and IeP_Wfore
the first tail.

(1)Find the cdf F(x) for X at x = —1,0,1,2,2.5,3,4.5.
@Are X and Y independent? {\
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Example

Continue the same experiment of throwing a fair coin three times. Let
X be the number of heads, and let Y be the number of heads before
the first tail.

1.
2.

Find the cdf F(x) for X at x = —1,0,1,2,2.5,3,4.5.
Are X and Y independent?

F(-1)=0, F(0) =3, F(1)=13, F(2) = F(2.5) = §, and
F(3) = F(45) =1.

Since px(0) = 3, py(0) = 3, and p(0,0) = g, we find that
p(0,0) # px(0)py(0). Thus, X and Y are not independent.



Continuous random variables.
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A continuous random variable is a random variable whose possible

values are real values such as 78.6, 5.7, 10.24, and so on. Examples of
continuous random variables include temperature, height, diameter of
metal cylinder, etc. In what follows, a random variable means a
“continuous” random variable, unless it is specifically said to be discrete.
The probability distribution of a random variable X specifies how its
values are distributed over the real numbers. This is completely
characterized by the cumulative distribution function (cdf). The cdf

F(t) = P(X < t). T< wefees Jeadl,

represents the probability that the random variable X is less than or equal
to t. Then we say that “the random variable X is distributed as F(t).”



Properties of cdf.

F:IRat — Fe)=Plx=t)elv, ]
The cdf F(t) must satisfy the following properties:

1. The cdf F(t) is a positive function.
F(t) > 0 for all t.
2. The cdf F(t) increases monotonically.

Pix<s)  Pler)
F(s) < F(t) whenever s < t. @fﬁar!

3. The cdf F(t) must tend to zero as t goes to negative infinity

“—00", and must tend to one as t goes to positive infinity “+o00.”
'9?(;; s )
lim F(t)=
t—)lToo (t) e
i (=1
Plx<+m)=|
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Probability density function (pdf).

It is often the case that the probability that the random variable X takes
a value in a particular range is given by the area under a curve over that
range of values. This curve is called the probability density function
(pdf) of the random variable X, denoted by f(x). Thus, the probability
that “a < X < b" can be expressed by

fo)

b pla<x =bt)
Pla< X < b):/ f(x)dx.

The pdf f(x) must satisfy the following properties:

1. The pdf f(x) is a positive function [that is, f(x) > 0].
2. The area under the curve of f(x) (and above the x-axis) is one [that
is,/ f(x)dx = 1]. Pl-o<x<e0) =1
-1

D P

= 11



Relation between cdf and pdf.
Fer)
The pdf £(x) is related to the cdf F(t) via g@’\

t
F(t) = P(X < ) = / F(x)dx.
L] —00
Pl-tocx 5 &)
This implies that lsuch cdf F(t) is a continuous function, and that the pdf
f(x) is the derivative of the cdf F(x) if f is continuous at x, that is,

?;E:%E(X) = é[f&uidﬁ«}

12



Example
A random variable X is called a uniform random variable on [a, b],
when X takes any real number in the interval [a, b] equally likely. Then

the pdf of X is given by

1/(b—a) ifa<x<b
f(x) =
0 otherwise [that is, if x < a or b < x].

Find the cdf F(t).

FU‘] /';'—Z% heas 14 ..JI—-
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Example
A random variable X is called a uniform random variable on [a, b],
when X takes any real number in the interval [a, b] equally likely. Then

the pdf of X is given by

1/(b—a) ifa<x<b;
f(x) =
0 otherwise [that is, if x < a or b < x].

Find the cdf F(t).

. 0 if t <a;
F(t):/ f(x)dx = g ifa<t<b;
- 1 ift>b.
Finy Ti - /——>
o + 13




Quantile function.
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Given a cdf F(x), we can define the guantile function

Q(u) = inf{x : F(x) > u} for u € (0,1). In particular, if F is continuous
and strictly increasing, then we have Q(u) = F~!(u). When F(x) is the
cdf of a random variable X, and F(x) is continuous, we can find

chk)
Fiy)=x=Q(p) & PX<x,)=p

for every p € (0,1). The value x,» = Q(3) is called the median of F,
and the values x; /4 = Q(%) and x3/4 = Q(3) are called the lower quartile
and the upper quartile, respectively. / Fora) =3

fexy i) ‘r'(f‘((i?) =

A
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Example

Compute the quantile function Q(u) for a uniform random variable X
on [a, b]. Find the median of distribution.

z:@m} =2 [Fx) = y o= ‘:_"‘__t“ &5z = tlb-a) b
-
= Qer)
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Example

Compute the quantile function Q(u) for a uniform random variable X
on [a, b]. Find the median of distribution.

Restricting the domain [a, b] for F, we find that F(x) = =2 is strictly

increasing function from (a, b) to (0,1), and therefore, that F(x) has the

inverse function Q(u). By solving(u = ¥=2)in terms of x, we obtain

Q(u) = a+ (b—a)u)for 0 < u < 1.[The median is given by Q (1) = 2£2
— : |

12,
|l:Ir
u= Fex) A< lhe)d =
fem ‘
h
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Joint density function.

L;d:mnhahj
Consider a pair (X, Y) of Tandom variables. A joint density function

f(x,y) is a nonnegative function satisfying ez ()0 T ok denrsy:
IF ¥ and Y are discrere SR =) P\ A
/ / f(x,y)dydx =1, .

flbcibi)=Plx=0,,X= %))
ralees foufe s Plwcncos, ~mcxe ) =10
and is used to compute probabilities constructed from the random &=
kw41, variables X and Y’ simultaneously by Li@
g*(zﬁz

b[ pd
P(agxgb,chgd):/ l/ f(x,y)dy] dx
—_— e a [ flaexth (_g'[’éd)

In particular, Fou) = Plx=w) s edt
F(u,v) =P(X < u, YSV):/ / f(x,y)dy dx.

is called the joint distribution function.
16



Marginal densities and independence.

Va Jchin e (e - Te hos 7o eAist -
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Given the joint density function f(x,y), the distribution for each of X
and Y is chl&stnbutuon, and the marginal density
functions of X and Y, denoted by fx(x) and fy(y), are given
respectively by

eolt —

fx(x) = /_OO f(x,y)dy and fy(y)= /_00 f(x,y)dx.

If the joint density function f(x, y) for continuous random variables X
and Y is expressed in the form

Dot are equad e
oaly i€ huv) < doc) et
then & Aneciere paislrs) brindepeadgat sl peu dent.

Conpohn 4= {X s 2l and &= {Y =3t 'D-\m.u{uhmd 4
PCAaB) ~ PIX$% (4 }) = g ( Furidu ', PAIRR) = POxe2) POsa) (QW“][Q ‘*‘“"‘*)
"

Y= XK (Y for all x,y,
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Example

Consider the following joint density function for random variables X and
Y:

e N if0<x<y;
o= 4 oY (2.1)
0 otherwise.

(a) Find P(X <1,Y <1). (b) Find the marginal density functions
fx(x) and fy(y). (c) Are X and Y independent?

e fo.”;)‘g

. mPOcsr‘(sf)
| {’{Z.ai'—"o !

g lexgidyde = r; {Lkﬁa?“]da

e osasl

[ga 'f‘wz d.%
-utu- wr - SMIA

[ e Jhoveme L]

R JeLome™),

-2y HA:)L&Mﬂ.F«MA:ﬂrMﬂ,g&Pa)‘,o
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Example

Consider the following joint density function for random variables X and

Y:
A2e= VY if0<x<y;
f(x,y) = { _ (2.1)
0 otherwise.

(a) Find P(X <1,Y <1). (b) Find the marginal density functions
fx(x) and fy(y). (c) Are X and Y independent?

For (a) we can calculate it as follows.

1 y 1
P(X <1,Y <1) :/ / N2e™N dxdy :/ Ne N ydy
0 0 0

1 —
= / e Ndy — [)\ye_’\y}; = [—e_’\y}(l) —de MLl - Ae)
0 — .

S .
~— _%& e e pa

18



Continue the solution.

(b) We obtain

~aen) e

i (%) :/ Ne NVdy = [ye V] " =
A 7= . .

X

y _
1= [ B e S D

for0<x<oand 0<y < .

(c) Since f(x,y) # fx(x)fy(y), they are not independent.
< At

19



Conditional density functions.

2L x s ( ore discrete them Plyeal x-2) = Py=idline )z POIzstaiXosi) fpueg) & i

i J PUx=xl] k) & ttrgiuad
ple.g) = Px=%:N=9) = Plfx=»ta lt=41) o)~ £

Suppose that two random variables X and Y has a joint density function

f(x,y). If fx(x) > 0, then we can define the conditional density function

fyix(y|x) given X = x by T 2= bixy) F}”’
f X, /&/---'-\..__\
L

fx(x) | ?@:_*1

£

Similarly we can defing’the conditional density function fx|y(x|y) given

Y =y by
f(x,y) "
f; X|y) = 2 han =) doepdy
A
if fy(y) > 0. Then| clearly we have the following‘ﬁﬁation g ':;*‘ dy @
_aa\ e
F(xy) = frix(yI¥)fx (x) = fx)y (xIy)fr (y)- ST
- ‘Jeliua Lﬁut‘km

Peaa ) = PLAIE) PCB)

20



Example

Find the conditional density functions fx|y(x|y) and fy|x(y|x) for the
joint density function (2.1) in the previous example.

= Ay
4 ‘ULJ) @ ﬁnir“’{a)-
“ﬂ
—A
L ] . Ao 052y
9 ik e S ety
U
[»] TR or & &0
b 9 x ?
{Ji b pzaxty
I ¢ - »l-a.-ﬂ ] U W ] s K_,_fi,]‘g-l
Cave) Koo ! ///
are-M - My-x) o =
— o T sy re by s U w
R : L e
. t./ d
0 ey x 0 it y<x N
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Example

Find the conditional density functions fx|y(x|y) and fy|x(y|x) for the
joint density function (2.1) in the previous example.

f(x, A; :YY— fo<x<y;
Bvlxly) = o) {A = =)

fr(y) 0 if x> yorx<0.
f x) = =
vix (v[x) A () A;;y:@ if y > x.

21



Independence of random variables.

= ey) = Pl{pc ba $1224)
Pecatt u‘f""‘“““‘“ + Aad B &5 Bind) ?(A)P(ﬁ) ’ = piw=xt) PUY=11) = 2! Reta )
In theory we can consider a joint frequency function p(x, y, z) for three
discrete random variables X, Y, and Z. If it satisfies

P[X:z, ‘{—-],Zzz) == p(X,y,Z) = pX(X)p_YQ’)p_Z-(E)

then they are said to be independent. In the same manner, if a joint
density function f(x, y, z) for continuous random variablesX, Y and Z is

expressed in the form

flx.y.2) = KL ) fe(2)

—

then they are independent. In general if X1, X5,..., X, are independent
random variables then we can construct the joint density function by

f(X1, X2, ...y Xn) = fx (x1) X Fx,(x2) X -+ X fx, (x5)

22



Eﬂxpectatlon'

Pag) = Plx= o,
@_ & t};@jc:__ir—-—-'_’ ) ]
Let X be a discrete random variable whose possible values are ay, ay, . . .,
and let p(x) is the frequency function of X. Then the expectation
(expected value or mean) of the random variable X is given by

@: Za;p(a,-).(:- éhvﬂ‘r“z"w\af Center

We often denote the expected value E(X) of X by u or ux. For a
function g, we can define the expectation of function of random variable
Elg(X)] = 3 g(a)p(a)

0a) MY ey
w@ @
Ney qrainzeomal Conter
23
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BIw)
The variance of a random variable X, denoted by Var(X) or o2, is the

expected value of “the squared difference between the random variable

and its expected value E(X),” and can be defined as
Ve e it en
Var(X) £ E[(X — E(X))2] £ EIXY = (E[X])2.
§(x)
The square-root 1/ Var(X) of the variance Var(X) is called the standard

error (SE) (or standard deviation (SD)) of the random variable X.
Rl S e

et devim

4

X
——7
1

z.
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Example

A random variable X takes on values 0, 1, 2 with the respective
probabilities P(X =0) = 0.2, P(X =1) = 0.5, P(X =2) = 0.3.
Compute ¢ L Tprr

1. E[X] = Z (1pQ) = ()00:2) ¥ LI o5 ) * (al(e3) =
L

2. E[X?] - z (1) pef) = L)' ton) ¢ 1)  cor ) = (1) Loct)

3. Var(X) and SD of X veulx) = Efx*) ~EC=E ov |,.-'r.4-(&? =é.—.[(2< ees))
k_

___/——/’d_—' __zu._“') YL“L"?

fee
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Example

A random variable X takes on values 0, 1, 2 with the respective

probabilities P(X =0) = 0.2, P(X =1) = 0.5, P(X =

Compute

1. E[X]

2. E[X?]

3. Var(X) and SD of X

1. E[X] = (0)(0.2) + (1)(0.5) + (2)(03) = L1

2. E[X?] = (0)2(0.2) + (1)?(0.5) + (2)?(0.3) =

3. Var(X) =E[(X -11)?] =
(—1.1)3(0.2) 4 (—0.1)3(0.5) + (0.9)%(0.3) /0’4_j
Var( ) = E[Xz] (E[X]) we can calculate /'
Var(X)/= (1.7) — (1.1)2 —((f_gﬁh_q e [
Then vike obtam the SD of v0.49 =0.7.

We ¥l neud & e ‘T

2)=0.3.

Also, using

25



Expectation for two variables.

peakj)

Pl )
g—%—fﬁ;wf%@'ﬂ‘ﬁ cenzer

qudis b7 §Caue ki)

Suppose that we have w0 random variables X and Y, and that p(x,y) is
function. Then the expectation of function g(X,Y)
variables X and Y is defined by

their joint frequen
of the two rand

Ele(X, )] = 3 a(ar b)o(ar )

where the sum is over all the possible values of (X, Y).

26



Properties of expectation.

T ek
One can think of the expectation E(X) as “an operation on a randdém _ vecs:
variable X" which returns the average value for X. Alsxcn]
= dlfiw)+ Alb

1. Let a be a constant, and let X be a random variable having the
frequency function p(x). Then we can show that Expecurn an & lhean

cfn-—m‘ar
(E[a +X]=> (a+x)p(x) =a+ > xp(x) =a+E[X].

X

2. Let a and b be scalars, and let X and Y be random variables having
the joint frequency function p(x, y) and the respective marginal
density functions px(x) and py(y).

E[aX + bY] =) (ax+ by)p(x,y)

xZJ(’ﬂ’x tL;}r’(l‘I] X,y
fan =a xpx(x)—{-bepy(y) = aE[X] + bE[Y].
NN S PSS

N ”
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Linearity property of expectation.

Let a and by, ..., b, be scalars, and let Xi,..., X, be random variables.
By applying the properties of expectation repeatedly, we can obtain

a—+ i b X; i b; X; i b X;
i=1 i=1 i=2

n Efbuxct 3 beXe | = b frma
:"':a+zbiE[Xi]- [ T ti,»———j Ecma+ oy
i=1

= Q& boElad * LB+ b B
It is also useful to observe the above property as that of “linear operator.”

E =a+E :a+b1E[X1]+E

28



Expectation for independent random variables.

Suppose that X and Y are independent random variables. Then the joint

frequency function p(x,y) of X and YIcan be expressed as

p(x,y) = px(x)py(y).

And the expectation of the function of the form g1(X) x g»(Y) is given

b
4 M g7 p,(xa Fe )
Elgi(X)g2(Y)] = Zgl Y)plx.y) - %[% At nml
L

Zgl(X)px(X)] X [Zgz(y)pv(y)] = Elg(X)] x Elga(Y)]-

— ——— Ji'
Eﬁglu’J EZ;;.(Y)J Ez"”sﬁoeneaj

Recali Cgiigmjug)dmda 'Igig.uq dx]"Ig:j,mdal

29



Covariance.

Suppose that we have two random variables X and Y. Then the

covariance of two random variables X and Y can be defined as
gl ) / (.A,‘?
Cov(X,Y) = E((X — p)(Y — ) = (XY) E(X) x E(Y), =
g e E el € ar W pentend

EIREZ
where 11, = E(X) and p, = E(Y). Then the correlation coefficient
R il Ta) R Tt ]

Cov(X,Y)
v/ Var(X)Var(Y

measures the strength of the dependence of the two random variables.

-|<p_ <
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Ho v = meafure dx{ajld&lﬂb

) (z, ~ED) (4, -ECQ)) = posrve
"

s ] e

P . oSeure
P{,‘,J / P 4 o s

(1 ~ELEI) L ga —BIW)) = pofiee
[ e

Bl

Miv\.\-f- v—-ol‘\.b-g
x
Eix) CovCry)= E ] (r-ga)(6-Eca) |
—_
/EXY‘E&H-E&] &

(e —ETRI)ICp - ECY)) = M—f‘hk [ Wnet T Y*E&”“-',Eun]
— .
afpive. posits =0 - 080 - ru ety epate

< B B Ergy
(x, - Elw) Cyq, ~ Ei) = e et
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Properties of variance and covariance.

Cov (X ) = ELXYY - EL) EL(D) = © Bre theq equiy dewt 7 @
& o~
. If X and Y are mdep dent, then M by observing that
E[XY] E[X]- E[Y]
2. In contrast to the expectation, the variance is not a linear operator.
For two random variables X and Y, we have
(htB)* = A"+ B 1 24B
Var(X + Y) = Var(X) + Var(Y) + 2Cov(X, Y). (2.2)

Wwhy 7 = Brersite !

Moreover, if X and Y are independent, by observing that Cov(X,Y) =0
in (2.2), we obtain Var(X + Y) = Var(X) + Var(Y). In general, we have

Var(Xy + -+ -+ X,) = Var(X1) + - - - + Var(X,).

if X1,...,X, are independent random variables.
\’____..“_,—-\-F\u—'—'_‘_——..__.—u—\—__
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Variance and covariance under linear transformation.

Let a and b be scalars (that is, real-valued constants), and let X be a
random variable. Then the variance of aX + b is given by

Var(aX + b) = a*Var(X).
1 — Brercen!
Now let a;, a, by and b, be scalars, and let X and Y be random
variables. Then similarly the covariance of a; X + b; and a, Y + b, can be
given by X A0
COV(a]_X + bi,aY + b2) = 3132COV(X, Y)

' CUV(NJY\‘ — E[(X\'E[K\")(Y\—ECTJJ] =‘1£c.E[(?‘-"E‘Uﬂ)CT’ECY\?]
T e

H k.___‘..——\/———-“
B X, (L) A2 (X-Eon) Lovlrete)
abe- Eix1)
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Example

The joint frequency function p(x, y) of two discrete random variables,
X and Y, is given by

X
z=—1 =0 1 A = Z ped)

Y 1[0 @@ 0 @ep
-1 @ 0 @ Ve

2;?{’“}}\"::.—9 FKL'” @.é Ya I/‘F
Put=t])
1. Find the marginal frequency function for X and Y.

2. Find E[X] and E[Y].
3. Find Cov(X,Y).= ETxy]) - ELx2EQ)

4. Are X and Y independent? m
e 0 R

Mot —
pPl-t, =) =Ei pat \PL(:I P_‘{__t.il; =@

b
X bk Y wre nol l\-\dftffeo\tftwf



Jxed) = *
> x pray) Evfj(z‘,wj=2_‘;(1~:rpcm3)
. 23

Ay

+(0)(3) + (W) (3) =0+
) +(1) (gl :,O v .,
EXY]=(-1)1) (3) + 0)(-1) (3) + (D)A) (3) =0~

Thus, we obtain Cov(X, Y) = E[XY] — E[X]E[Y] = 0.~
/"______““-—————————-_________________)
4. No, X and Y are not independent, because
p(—1,-1) = 0 # px(~1)py(-1) = 3.
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Expectation of continuous random variables.

Becull - Pisirese ror, — pixy  xedy —> Bl = %'x-tf-a? ‘;”"’Q&q :

Contimaome *r —= boa), 2elR — Efx7 = g:ru Fexpdx & bmwnatingd conger mﬁ@
Let f(x) be the pdf of a continuous random variable X. Then we define *=
the expectation of the random variable X by

This rc_rr.l_hns the tenrar
o s.«m"‘a

Furthermore, we can define the expectation E[g(X)] of the function

g(X) of random variable by

E[X] = /_ ~ @ (x) ax.

o tor
Ele)] = [ @r(x) .
o I 3oy
M
if g(x) is integrable with respect to f(x) dx, that is, Et300)
f:o lg(x)] f(x) dx < oo.
e I x is docrert

E[ffsll = ;_ g fecy
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Properties of expectation.

(hesr 5 pE—— % a laen
I et U & L
[:m bpevelar gx Tex)de = ELXD ‘{_ . %
. g fu’.‘wrji\ufjﬂfl-‘df_*lu)d‘l'f‘ﬁg.:"”d‘

When X is a discrete random variable, E[X] is considered as a “linear
operator.” This remains true even if X is a continuous random variable.
Thus, we have the following properties (without proof):

1. E[la+ X] = a+ E[X].
2. E[aX + bY] = aE[X] + bE[Y].

a-—+ Zn: b X | =a+ Zn: b,'E[X,'].
i=1 i=1

4. If X and Y are independent then

3. E

Elg1(X)g2(Y)] = Elg1(X)] x E[g2(Y)].

. .o Hitzy Hary)
g g e P37 Fﬂmglslu():( ([3.«1{,(&1]{3:(‘;)&:3:]4@(3

b ey

b Bty MM tele 2 36



Example

Let X be a uniform random variable on [a, b]. Compute E[X] and
E[X?], and find Var(X).

Lo . P "
Ela)= \ zlmdz = i G‘L.?j:j'vfk = I'E:_L_f ]q
- a

E(a*) gmthd " <[22

. = Fa 1 (22) — = | ———

Ela e ’ B * [?tb—f—i ](,
- A

Vi (x) = Efﬁ‘)'@bj)l & /ﬁiu-aJ e<sien

or

Vaar (3) = EL(X - E0) ")

]

b
g (x- BN —— dx
h—t

[
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Example

Let X be a uniform random variable on [a, b]. Compute E[X] and
E[X?], and find Var(X).

a | z _a+b -
! -2 P
Ach -

Z

2 37b 2

_ 1 1 I x b-e
E[X?] = 2 — | - bzd
[X7] /8X<ba)dx (ba>'3L 3

3
a2+ ab+ b? at+ b 2 b— 3)2
Var(X) = 3 < = ) :( 12)

b / 2 b z_ :I.
e L)
v g b—a b—a/ll2], .'
| ’{'{
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Moment generating function.

: -

P oy - -Fx %

_L_i-y[{»u 1r8af. LLF e Le f(x,- Az Tw‘:uf?f ]
N et (W

Fes) Prwaf i1 #k “7
Let X be a random variable. Then the moment generating function
(mgf) of X is given by e :::L:"j‘:“'_, b

M(t) = E [e] = e ez

The mgf M(t) is a function of t defined on some open interval (¢, ¢1)
with ¢g < 0 < ¢1. In particular when X is a continuous random variable
having the pdf f(x), the mgf M(t) can be expressed as

1§ X i duomer rhe

Mo = I e pery
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Properties of moment generating function.

Ma) &2 L
(a) The most significant property of moment generating function is that

“the moment generating function uniquely determines the distribution.”

(b) Let a and b be constants, and let Mx(t) be the mgf of a random
variable X. Then the mgf of the random variable Y = a + bX can be
given as follows.

My () = E [¢] = E [e"89)] — @2E [@X] — e My (E2).
‘ 4 el X
(e™)e™

(c) Let X and Y be independent random variables having the respective
mgf’'s Mx(t) and My (t). We can obtain the mgf Mz(t) of the sum
Z = X 4+ Y of random variables as follows.

o 3
Mz(t)=E [etz] =E {et(x+y):| - E [{etx,{étyj]
=F [etX] . E [etY] _ Mx(t) ) My(t).

—_—
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Properties of moment generating function, continued.

M = Efet*])

_ S B PR | o s
M) = E[e“™] = EL1) ﬁ L&-‘«;M,h - Sﬁﬂaﬂ:f‘qo{x
\‘_'____“/-—————-" \_---'v_____’
Ere’™) gr_éa“l
(d) When t =0, it clearly follows that M(0) = 1. Now by differentiating
M(t) r times, we obtain ﬁgﬂg Xet¥ a%‘f“”]‘)r(xé”)
dr d, = Xhe Ak
r _ tX71 ¥ tX | _ r tX
MO(t) = ——E [e ]_E[Fe }_E[Xe ]
M)

In particular when t = 0, M()(0) generates the r-th moment of X as
follows.

M(0) = E[XT], r=1,2,3,...
e

J

E[ K,-e_.'.-m]

40



Example

Find the mgf M(t) for a uniform random variable X on [a, b]. Then
show that (a) im0 M(t) = 1 and (b) im0 M'(t) = L.

00 - b et®
¥ X _
r Ele™] = Mt - S el de = g — Az
o - a
by
b ( o ax =] ik (kzo
= = .
k Lt et
et e
Sa_"_h’:‘ft-[;"" L_-a it tzo
ottt _ pta
- .‘.‘(b-—d-)

(&) Mlpr is tontinanad ot 0! [EM M) = Feo) = |
4"'5 )

r—

() MY o owganueus ot 0 | }I L Mie)= M)
Are
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Example

Find the mgf M(t) for a uniform random variable X on [a, b]. Then
show that (a) im0 M(t) = 1 and (b) im0 M'(t) = L.

a p—
=b ~
b — 1 e TP et PV
() 5] =G5 @29
etb _ ota peth _ geta -
i = lim ———— = lim ——  — =1 by I'Hospital’s rule.
tIm)M(t) lim ") lim —— y I'Hospital's rule
] betb _ aeta t— etb _ eta
lim M'(t) = lim ( )t = ( )
t—0 t—0 t2(b — a)
lim bre® — aett a+b again, by I'Hospital’s rule
= || = ) n, | ule.
50 2(b — a) 7| R
= [k =Hl1s)
i Mihtr = ) _ atk o
M) - El.:; S e e ¢
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Exercises
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Problem

Let p(k), k = —1,0, 1, be the frequency function for random variable X.

Suppose that p(0) = %, and that p(—1) and p(1) are unknown.

1. Show that E[X?] does not depend on the unknown values p(—1)
and p(1).
2. If E[X] = %, then find the values p(—1) and p(1).
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Problem

The joint frequency function p(x,y) of two discrete random variables,
X and Y, is given by

X

1 2 3
1. Find the constant c.

1| c¢c 3c 2c
2| c ¢ 2c
2. Find E[X] and E[XY].

3. Are X and Y independent?

Y

a4



Problem

A pair (X, Y) of discrete random variables has the joint frequency

function

= @ =

plx.y) =T, x=1,2,3andy = 1,2.

Find P(X + Y = 3).

Find the marginal frequency function for X and Y.
Find E[Y] and Var(Y).

Are X and Y independent? Justify your answer.
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Problem

1. Determine the constant c so that p(x) is a frequency function if
p(x) =cx, x=1,2,3,4,5,6.
2. Similarly find c if p(x) = ¢ (%)X x=1,2,3,4,....

a9
ool
2 o e

Ta~

;-_ C(Ji)'jﬁ: f Fr_’z) =1

=1 =
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Problem
Let X and Y be independent random variables.

1. Show that Var(aX) = a*Var(X).
2. IfE[X]=1,E[Y] =2 and Var(X) = 4, Var(Y) = 9 then find the
mean and the variance of Z = 3X —2Y.

47



0o !
S {.(g,) Ax =| = g t1da

- (=]
—

Problem

Suppose that X has the density function f(x) = cx? for 0 < x < 1 and

f(x) = 0 otherwise.

Find c.
@ Find the cdf.
3. Whatis P(.1 < X < .5)?

* o dx<o
Fenr = g bridz = L <
- S eatel il ps ke |
o
[}
gtrkda::l it t>)

48



Problem

Let X be a random variable with the pdf

2 if0<x<1;
Fx) = X if0<x<
0 otherwise.

1. Find E[X].
2. Find E[X?] and Var(X).
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a

F(H = g $nrolx
-Na

Problem

Let F(x) =1 — exp(—ax?®) forx >0, a >0 and 3 > 0, and F(x) =0
for x < 0. Show that F is a cdf, and find the corresponding density.

o
I(u‘ e Fen) = E“E(J- ep(-2 :.I”)I = =(-opa?) exp-onl]

50



® E.é{.;y-}]ldx:?f?[i ].t,-f‘.) pext |
F{zgajdté -7 ) * !

‘Fxfe’]” =
gy o
Problem
Suppose that random variables X and Y have the joint density
S(x+y)? if0<x<1land0<y<1;

f(x,y) =
( ) {O otherwise.

Find the marginal density functions of X and Y.
@ Find the conditional density functions of X given Y =y and of Y

given X = x.
3. Find E[X] and E[Y].
4
kzy) T_{'L_"E‘?_Zﬁ _ eyt
- - 12 e iz | FopSEL

1) =
‘IPH{("' Y feeq) %nxlﬂut )
S
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Val) sE[(x-e?)’)
Vﬁi“f’?ﬁEf(axr‘a—ééxf@)a]:Q(&xr,s—agm—/s)ll
= Ha(x-gw1)*] = &2 Elx~£063)"])

\.e;.»(x)
Problem o

Discuss the following properties.

1,) Prove the property of variance: Var(aX + b) = a?Var(X).

@ Suppose that E[X] = u and Var(X) = o2. Then Z = (X — p)/o is
R e W
said to be standardized, in which o is often referred as “standard
error.” Show that E[Z] = 0 and Var(Z) = 1.

2= = G)r-)
El21-BlGh-4] = G)eua- £ -0

%r(ﬂ:l"ar({%}?" %)9 [at,jl Ver(x) = |
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Problem

Recall that the expectation is an “linear operator.” By using the
definitions of variance and covariance in terms of the expectation, show
that

1. Var(X + Y) = Var(X) + Var(Y) + 2Cov(X, Y), and
2. Var(X — Y) = Var(X) + Var(Y) — 2Cov(X, Y).
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Cavrt¥e )= ELCx-809)(( - 23] )
Cor(x= X, x-X) = BT~ ELeeyd) (- X - Ea-(D) ]
e ————

=E[{(xwaain«-am}{(tggwr—emz} 1
A+ 8¢ YA -gt

Problem (2

If X and Y are independent random variables with equal variances, find
Cov(X + Y, X =Y).

E[(x-zn) - (-50)* )

= Bl(x~200)* T - Bl -&0))
— e
Vor Gy Vaurlt)
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- Ze¥-x

Cov(x.2) = Bl -g11) (2 - 52T
“ELlx-z){lt-200)) - (x-zan)} ]
=Bk~ et (v~ 2001) - -0 )* ] = ) < Ve ) = —rta) oL
Problem

Suppose that X and Y are independent random variables with their
variances o; = Var(X) and 07 = Var(Y). Let Z =Y — X.
N e

1.) Find expressions for the covariance of X and Z in terms of o5 and
ay.

2.\ Find the correlation coefficient p of X and Z in terms of o and o,,.

O (o
Veur .- F -7 2,42

b T ——
Vir (2)= Vav (X - x) = Var (47 + Ver) - 2Lov (Y, X ) = 6} ¢ b2

?WHP[W" i\
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Problem

Let X and Y be independent random variables, and let o and 5 be
scalars. Find an expression for the mgf Mz(t) of Z = aX + BY in
terms of the mgf's Mx(t) and My (t) of X and Y.
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Optional problems
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Problem

The Cauchy distribution function is defined by

1 1
F(x) = 5 + ;tanfl(x), —00 < X < 00.

1. Show that this is a cdf.

2. Find the density function.

3. Suppose that a random variable X has the Cauchy distribution. Can
you find E[X]? Why or why not?
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R
~—
e

-

)

F(.n‘: S‘F{MO(X = l |"L + ﬂ'l_l‘;‘ f‘i_ = [%J(z-r

=
Problem [{

Let f(x) = (1 + ax)/2 for =1 < x < 1 and f(x) = 0 otherwise, where
-1<a<l.

1. Show that f is a density. Lﬁ;«.a’z =1
Find the cdf F(x), and sketch the graph of F(x) for —1 < a < 0,
a=0and 0 < a < 1. '

@Find the formulas for the quantile function Q(u)zx s Fixj=u
Hint: Consider the following three cases separately: —1 < a < 0,
a=0,and 0 < a <1.

d=0 x pcel 2|
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Answers to exercises
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Problem 11.

1. E[X?] = p(~1)+p(1) =1 - p(0) = 2
2. E[X] = —p(—1) + p(1) = ;. Together with p(—1) + p(1) = 3, we
) =

obtain p(—1) = 1 and p(1) = 3.
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Problem 12.

1. Ei 12}2, 1P(x,y) = 10c = 1 implies that ¢ = 1.

2 EXI=(1)(5)+@EF)+B3(E) =%
ElYI=(1)(}) +(2 )(§)=%
E[XY] = (1)( 1) (%) ()1 (%) +03)(1) (%) + ()2 (F) +
2)(2) (1) + (3)(2) (%) =

3. X and Y are not mdependent because
p(1,1) = 15 # px(1)py(1) = 5. Or, you can find it by calculating

Cov(X, Y) = E[XY] — E[X]E[Y] = —
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Problem 13.

1. P(X+Y =3)=p(1,2) + p(2,1) = 2
2. px(y) =% forx=1,2,3.
py(y) =% fory =1,2.

3 EYI=(1)(3) + () (3 )—% E[Y?]=(1)(3) +(27(5) =3
Var(Y) = E[Y?] - (E[Y])* =

4. Yes, since the joint frequency function satisfies
p(X)y) = px(X)Py(y) for all x = 1v273 and y = 152
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Problem 14.

1. 30, p(x) = ¢ x %8 — 21¢ = 1 Thus, we obtain ¢ = 4
2. 32 p(x) =cx 1(2(/23/)3) = 2c =1 Thus, we obtain ¢ = J
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Problem 15.

1. Var(aX) = E[(aX — E[aX])?] = E[(aX — aE[X])?] =
E[a%(X — E[X])?] = a®E[(X — E[X])?] = a®Var(X).

2. E[Z]=E[BX-2Y]=(3)(1) - (2)(2) = -1
Var(Z) = Var(3X + (=2)Y) = Var(3X) + Var((-2)Y) =
(3)(4) + (-2)%(9) =72
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Problem 16.

1
1. / P dx = % = 1. Thus, we have ¢ = 3.
0

0 ifx<0;
2. F(t)=1(1 fo<x<1;
1 ifx>1
0.5
3. P(1<X < 5)= /01 3x%dx =[]0 = 0.124
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Problem 17.

1. E[X] :/le(2x)dx= [2%3]::2

v
2

1 1
2. E[X?] :/ x?(2x) dx = [ ] = % Then we obtain
0

0
Var(X) = E[X?] — (E[X])2 =1 - (2)° = &.
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Problem 18.

F(x) is nonnegative and increasing for x > 0, and satisfies F(0) = 0, and
limy_ 00 F(x) = 1. Thus, F(x) is cdf. The pdf is given by

f(x) = diXF(x) = afxPLexp(—ax?)

for x > 0.
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Problem 19.

1. fx(X) fl 6(x+y)2dy— 7(3x +3x+1),0<x<1;
}/) flﬁ(x+y)2dx— (3y +3y+1),0§y§1_
2. By (xly) = 33’2)-(-Z§+1'05X§1;
frix(vx) = sesds, 0< y <

3. EIX] = [y (x) (2) 3% +3x + L)dx = & = E[Y].
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Problem 20.

1. Since E[aX + b] = aE[X] + b, by applying the definition of variance
we obtain

Var(aX + b) = E[(aX 4+ b — E[aX + b])?] = E[a*(X — E[X])}]
= a’E[(X — E[X])?] = a*Var(X)

2. Since Z = (1) X — () is a linear transformation, we obtain

E[Z] = (%) E[X] - (g) =0

Var(Z) = (%)2Var(X) —1
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Problem 21.

Let py = E[X] and p, = E[Y]. Then we show (a) as follows:

Var(X + Y) = E[(X + Y — (ix +1,))?] = E[((X = 1) + (Y = 1y))?]
= E[(X = 11:)? + 2(X = ) (Y = 1y) + (Y = )]
= E[(X = 1)l + 2E[(X = p)(Y = py)] + E[(Y = 11)?]
= Var(X) + 2Cov(X, Y) + Var(Y)

We can similarly verify (b).
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Problem 22.

Let 1, = E[X] and p, = E[Y]. By applying the definition of variance
and covariance, we obtain

Cov(X + Y, X = ¥) = E[X + Y — (ux + my))(X = ¥ — (ux — )]
= E[(X — x)2 — (Y = )]

EI(X — ux)?] = EI(Y = 1)?]
Var(X) — Var(Y) =0

where the last equality comes from the assumption of equal variances.
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Problem 23.

(a) Let p = E[X] and p, = E[Y]. Since Cov(X,Y) = 0, we obtain

Cov(X,Z) = E[(X — )((Y = X) = (1y — 1))
= E[(X = (Y = ) = (X = )]
= Cov(X, Y) — Var(X) = —o?

(b) We can calculate

Var(Z) = Var(Y — X) = Var(Y) + Var(—X) = 07 + 07
Then we obtain
Cov(X,Z) Ox

\/Var(X)Var(2) /o2 + o2
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Problem 24.

By the property of expectation for two independent random variables, we
obtain

Mz(t) — E[et(aX+,8Y)]
= E[e(tX] x E[etAY] = Mx(at) x My(5t)
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