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A simplest example of random experiment is a coin-tossing, formally
called “Bernoulli trial.” It happens to be the case that many useful

distributions are built upon this simplest form of experiment, whose
relations are summarized later in a diagram.



Bernoulli trials.

A Bernoulli random variable@takes value only on 0 and 1. It is
determined by the parameter@(whlch represents the probability that

X =1), and the frequency function is given by

Pt = (44)=1-P
“/F 9T p1) = P(1) =P = Plxet)

77 Plx=0)=P(0) =1 =P =Plx=2) = |- px=1) =1~ p
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If Ais the event'that an experiment results in a “success,” then the

indicator random variable, denoted by /4, takes the value 1 if@;goccurs

and the value 0 otherwise.

X:dbow — Xen 6IR
1 if weA;

)(IM]:I W)=
A {0 otherwise (i.e., w & A).

Then /4 is a Bernoulli random variable with “success” probability

p = P(A). We will call such experiment a Bernoulli trial.



Binomial distribution.
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If we have n independent Bernoulli trials, each with a success probability
p, then the probability that there will be exactly k successes is given by

"p?k):<z>pk(l—p)"_k, k=0,1,...,n. stmg
- - «l’mqumva&u,m\q

The above frequency function p(k) is called a binomial distribution
with parameter (n, p).
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Example o n=%
Five fair coins are flipped independently. Find the frequency function of
the number of heads obtained.
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Example
Five fair coins are flipped independently. Find the frequency function of
the number of heads obtained.

The number X of heads represents a binomial random variable with
parameter n =5 and p = % Thus, we obtain
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Example

A company has known that their screws is defective with probability
@They sell the screws in packages of@ and are planning a
— "

money-back guarantee n/

1. at most one of the 10 screws is defective, and they replace it if a
customer find more than one defective screws, or

2. they replace it even if there is only one defective.

For each of the money-back guarantee plans above what proportion of
packages sold must be replaced?

\ _1

pa) = (¢ );o.m"u— o1 )” \
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Example

A company has known that their screws is defective with probability
0.01. They sell the screws in packages of 10, and are planning a
money-back guarantee

1. at most one of the 10 screws is defective, and they replace it if a
customer find more than one defective screws, or
2. they replace it even if there is only one defective.

For each of the money-back guarantee plans above what proportion of
packages sold must be replaced?

The number X of defective screws in a package represents a binomial
random variable with parameter p = 0.01 and n = 10.
1. P(X>2)=1-p(0)—p(1) =

1— (19)(0.01)°(0.99)° — (7)(0.01)}(0.99)° @
2. P(XZl):l—p(O)—l—(lo)(Om (0.99)? %@

peort - *+p(r) = Plx 2 k)=TFlr) is colt.



Properties of binomial random distributions.

By applying the binomial theorem, we can immediately see the following

results: Binoniel Thssremn
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Moments of binomial random distributions.

The mgf M(t) allows us to calculate the moments E[X] and E[X?].

M(t) = — ([pe +(1—p)]") = npeflpe’ + (1 - p)"*
M (6) = < (npe‘lpe’ +(1 - p)I")
= npef[pe + (1= p)]" "+ n(n = 1)(pe)?[pe + (1 — p)]" 2

Thus, we obtain E[X] = M'(0) =(np)and
E[X?] = M"(0) = np + n(n — 1)p* = np + (np)*> — np>. This allows us
to calculate Var(X) = E[X?] — (E[X])? = np — np? = np(1 — p).

EIx]=2 kpe)- 2k (”;) Pre-p ™ =)

" z \
sz"lt.z k, P“,) 7-"[’10[{:]"- "I" S Var (Xx) =@
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Relation between Bernoulli trials and binomial random variable.

Rectefl: We h.?d.\ vords Bavnve [l gacals Xy -y Xy 2 X =Hof Sucees<s
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A binomial random variable can be expressed in terms of n Bernoulli
random variables. If Xj, X5, ..., X, are independent Bernoulli random
variables with success probability p, then the sum of those random

| variables
Qhir

is distributed as the binomial distribution with parameter (n, p).



Their relationship in mgf.

Let X be a Bernoulli random variable with success probability p. Then
the mgf Mx(t) is given by

Mx (t) = et x (1 — p) + eMt x p = (1 — p) + pet.

= é’g"‘r{m hr;:?_. ] ] ;:1 _-____—- "

Then we can derive the mgf of a binomial random variable Y =", X;

from the mgf of Bernoulli random variable by applying the mgf property

for independent random variables repeatedly.

My (t) = Mx, () x Mx,(t) x - x Mx,(t) = [(1 - p) + pe'[®
I mdw.
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Sum of two independent random variables.

Theorem

If X and Y are independent binomial random variables with respective

parameters (n,@) and (m,p), then the sum Z = X + Y is distributed as
the binomial distribution with parameter (n + m, p).

X o= 2 o€ Succesas o the ok n Tuzls
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Sum of two independent random variables.

Theorem

If X and Y are independent binomial random variables with respective

parameters (n, p) and (m, p), then the sum Z = X + Y s distributed as
the binomial distribution with parameter (n + m, p).

By the mgf property for independent random variables we obtain
= kel

Mz(t) = Mx(t) x My(t) = [(1 - p) + pe'PPx [(1 - p) + pe'|™
=[(1-p)+ pet]n+m —5 Bivenced RGF |

This uniquely determines the distribution for Z, which is binomial with
parameter (n + m, p).

Mpa)= ELet? )= Elef™. e*Y)
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Alternative approach to the proof.

E\I ) @y\, Z‘hﬂ,- F g‘ntw\
—— —

Observe that we can express/ \

n+m

X = ZZandY—ZZ

i=n+1

in terms of independent Bernoulli random variables Z;'s with success
probability p. Thus, the resulting sum

n+m

Z':X-FY:ZZI

i=1

must be a binomial random variable with parameter (n+ m, p).
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Expectations of Bernoulli and binomial random variables.

putt? "@
ﬂ Pute! ;@

Let X be a Bernoulli random variable with success probability p. Then
the expectation of X becomes

EXI=0x (1=p) +1xp =@
=z e pee? P“] ptll g
Now let Y be a binomial random variable with parameté¢r (n.p). Recall

that(Y)can be expressed as the sum@:?:1 Xi pf independent Bernoulli
random variables Xi, ..., X, with success probability
property (c) of expectation we obtain

. Thus, by using

ElYI=E|> X ZE[X]
j i=1 i=1 “Y“
B\Mu:-(ﬁ 'éu!‘"u'

P ot
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Variances of Bernoulli and binomial random variables.

n'l"' v

e \V“’ ~F

Let X be a Bernoulli random variable with success probability p. Then
the expectation E[X] is p, and the variance of X is

per pa?

L= 201 Var(X) = (0 — p)? x (1— p) + (L - p)? x p = p(1 - p).
.3 llr--#?"r(w T

pra-p) + % a-pr* = u-plpLpeu-ps ]
"~ Since a binomial random variable(YJis the sum/S""_. X:)of independ
i=1 p

Bernoulli random variables, we obtain

[Xee t.l"'" GV"J‘ s
7 n
Var(Y) = Var <Z Xi ZVar ) = np(1 —p).
i=1 i=1 P“‘r? I
Ver (k3% ) = Var(x) + Var () + 2.4-»(::, ¥ )
b 0 i Aowd Y are ihcfcrm.dw'

Var (0t X2t Xy) = Var(%) ¢ Var(Xe) + Var (X))
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Hypergeometric distribution.

Consider the collection of N subjects, of which m belongs to one Qumy neag
WAL

articular class (say, “tagged” subjects), and (N — m) to another class e
(say, “non-tagged"). Now a sample of size r is chosen randomly from the
collection of N subjects. Then the number X of “tagged” subjects
selected has the frequency function Pk (7) poeples

m\ (N—m 4
B sk Vi (3 7 p(k) = (k)((Nr)—k) @‘;"‘“fﬂzi‘t::?;ﬁr
r of soe v

where 0 < k < r must also satisfy k > r —AN — m) and k < m. The
above frequency function p(k) is called & hypergeometric distribution
with parameter (N, m, r).
"\ (Hm Pix=t)
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Example

A lot, consisting of 50 items, is inspected. Suppose that the lot contains

5 defective items. In the following two inspection procedures, What is

the probability that no defective items are found in the inspection?
W

1. Four items are randomly selected and tested.
e P PP

2. Ten items are randomly selected and tested.
WA A

X = #of defective ltens ~— kﬂu—%«am-;-x dizrburies &=f2, .\.1;‘) r;iq BEY,

(1) Ptx=0) = )f\/

19 o fz)
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Example

A lot, consisting of 50 items, is inspected. Suppose that the lot contains
5 defective items. In the following two inspection procedures, What is
the probability that no defective items are found in the inspection?

1. Four items are randomly selected and tested.

2. Ten items are randomly selected and tested.

The number X of defective items in the inspection has a hypergeometric

distribution with N =50, m = 5.
L L e ¥

5\ (45

1. Here we choose@and calculate P(X =0) = (0()$;1) %@
5\ (45

2. Here we choose @and calculate P(X = 0) = (0()?(81)0)

15



Relation between Bernoulli trials and Hypergeometric distribu-

tion.

et 1y P(A‘j)

Let@be the event that a "tagged” subject is found at the i-th selection.

FARTN Y FEL
|f@occurs
Xi =
0 otherwise. by ?

2o v sobfes 1 Aely, o wen ) ;/
Then X; is a Bernoulli trial with “success” probability®= P(A) =
Then the number Y of “tagged” subjects in a sample of size r can be
expressed in terms of r Bernoulli random variables.

Y ZXI. — E)= 2 E&,{]BYF=P‘(.:-F)

e

T Vgt F

Bernealli rv's

is distributed as a hypérgeometric distribution with parameter (N, m, r).
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Example Tugied Sobpet

An urn contains 10 fed balls)and M and balls are drawn one
at a time without replacement. Let @be the event that a red ball is red ball is

vamv
drawn at the i-th attempt. é)
CIFERHT 6N PO SRR 2

1. Find P(A) = ;- =@ /— Zon @

2. Calculate P(Az) h,:: :;M;; - ﬂ?i —d o a

3. Find P(A;) in general. ur 24
. 2y 2pnwgeme)* L0
P(A‘I):ﬂ-‘rd‘-w&muf(gﬁ‘- - J "E‘
b A Jl P r M {fo=pwr)
f
dn el Lok

17



Example

An urn contains 10 red balls and 20 blue balls, and balls are drawn one

at a time without replacement. Let A; be the event that a red ball is

drawn at the /-th attempt.

1.
2.
3.

Find P(A;)
Calculate P(A3).
Find P(A;) in general.

10 1
P(A]) = — = =.
(A1) 30~ 3
If we draw 2 balls then we have 10 ><O29 2ogsjtcomes in which the
X
i . Thus, P(As) = = —.
second ball is red us, P(Az) 0%29 3

In general we have 10 x 29 x 28 X --- x (31 — i) outcomes in which

i-th ball is red, and obtain
itk 7

P(A;) =

17



Expectation of hypergeometric random variable.

Let X; be a Bernoulli trial of finding a "“tagged” subject in the i-th
selection. Then the expectation of X becomes

E[X] = -=F v s s

Now let Y be a hypergeometric random variable with parameter
(N, m, r). Recall that@can be expressed as the sum(g i1 Xj)of the
above Bernoulli trials. We can easily calculate

PR

e Gles ! o Y for
ZE—wy) -EIYI=E D X|=> EXI={%)-rp
- ’ i—1 i1 —— N

»

N
How shewr Vew () 7 I3 it et VW(Y)-: 2: Ver (5,) 7
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Dependence of Bernoulli trials in Hypergeometric distribution.

Recall : Lo rad hali
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Suppose that(7 # j.) Then we can find that

N suhgeea
/DE\ .: if A; and A; occurs;
0 otherwise.

is again a Bernoulli trial with “success” probabilit

-

iy T tgﬂM
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E[XiX] %ﬁ e M “EDe) - gaszery

Cov(Xi, Xj) = E[XiXj] = EIXIE[X] 5
L e} _“‘H "

flir-1) :}
Therefore, X; and X; are dependent, and negatively correlated?
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Variance of hypergeometric random variable.

Pomy. .
The variance of Bernoulli trial with success probabilityTﬁ)ls given by

/ m m
.Vl = (5) (1-F) =
PQ = pa p)
Together with Cov(X;, X;) = N2 s A{) we can calculate

Haowe ,.‘.,7 'uv—i ?

/&
‘u !h dk’““"w r-nr'!

/ od i)
Var/ = Var (ZX) ZVar X;) —1—02 Cov(Xp Xp) «— T

i<j

rlH)

g m(N — m) m(m — N)
=Ox —pr— +rlr=1) ( N2(N — 1)) N
mr(N —m)(N —r)
N2(N —1)

Vay (K4 82) = Var (o e Var(hy )+ 2 Cov (%2 )
M) = Var (8) t Var (o) + Vev(8) + (Dlav (3, x2)

€@ Caixy)
L"“‘(Z‘_w -x_!)

Ir n }l.sﬂ-afﬂ..‘
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Example

We capture 30 individuals, mark them with a yellow tag, and then
release them back into the environment. Later we capture another
sample of 20 individuals. Some of the individuals in this sample have
been marked, known as “recaptures.” Let X be the number of
recaptures. Suppose that the population size N is unknown.

1. What is the frequency function for X7

2. How can we guess the population size N from the observed number
X of recaptures?
Puopwlean ot (=17

|I \

= " = &l = {—“)(3‘}_
2 =X #Ex)= 3 N

W (2020

T

)
Gl

K = Bk ”W‘J .ruly,.u“ ~ H},[qg.y\ilb\wﬁ-‘inu
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Example

We capture 30 individuals, mark them with a yellow tag, and then
release them back into the environment. Later we capture another
sample of 20 individuals. Some of the individuals in this sample have
been marked, known as “recaptures.” Let X be the number of
recaptures. Suppose that the population size N is unknown.

1. What is the frequency function for X7

2. How can we guess the population size N from the observed number
X of recaptures?

1. It is hypergeometric with m = 30 and r = 20, which gives

(30) (N—}O) .
p(k) = % for k=0,1,...,20, assuming that N > 50.
(r) bW tavrtrted
2. Since the best guess for@is_th_‘e mean value E[X] = 2F = %0 e
can form the equation X ~ %0 Jin approximation. By solving it, we
can estimate @z@if X > 1. If X =0, there is no guess for N.

21



Geometric series formulas.

For 0 < a < 1, we can establish the following formulas.
B e

(3.1)

Astume 0z €|

()t e

_d X

{ dx ((1 —X)Z) e

et (1 — 3)3 E k2 z_(i\—x’j
== (1)

22



Geometric random variables.

X ¥ Xy Xe A o T
6 (D o ° =2 x = B ok Bernsuli tmals ezl lie Succed

'] e a @ s x4 7 .
Plr=2)= pp , Plx=e) = Qpltpremp) p = (p)'p P Rx=B) =l-pl P
In sampling independent Bernoulli trials, each with probability of success

@the frequency function for the number of trials at the first success is

1
X

p(k)=(1-p)'p k=12

This is called a geometric distribution. A random variable X is called a
geometric random variable if it has a frequency function

P(X=k)=(1-p)'p
fork=1,2,....

. -
li=t-p))

or e - g( yet 1
Tpwr=Zpp=p 2 (plep Pyl

=1 aF
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Example

Consider a roulette wheel consisting of 38 numbers—1 through 36, 0,
and double 0. If Mr.Smith always bets that the outcome will be one of
the numbers 1 through 12, what is the probability that (a) his first win
will occur on his fourth bet; (b) he will lose his first 5 bets?

){ - # ”F }?4‘1’; nac| e ks ot e [ .
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ha s ok ah De

ik he [ute
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I lcan bv- he b2 L_-b -

| B . = x-\-{{g} 3

w PX=4)= ) E) ) = &) ) - e

Pl k)= ()

-
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(R b Lk

&) (&) - &

)L‘ 2= u—\a:H [

() B lee 5 o e mo) = ()60 )8 ) () ()~ ()]
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Example

Consider a roulette wheel consisting of 38 numbers—1 through 36, 0,
and double 0. If Mr.Smith always bets that the outcome will be one of
the numbers 1 through 12, what is the probability that (a) his first win
will occur on his fourth bet; (b) he will lose his first 5 bets?

The number X of bets until the first win is a geometric random variable

with success probability p = @: (@. (‘!/7 TT_}
g \ _per= tep T p

a'./_'d—__ -

13\®/ 6 — L

(b) P(X 2 6) = (1-p)lp =2 po = w-ply e (eper -
- L=E Lo s epfplic oy e = 3

o] ) 13 5
. =(L-pPpd (1-py'=(1-pP°=(z5) ~015
. o)

c
i
—oI—'

{X >6} = {He Ioses T bets} thus, P(X > 6) = (—3)5.

Sy
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Properties of geometric distribution

By using the geometric series formula (3.1) we can immediately see the
following: a-pP'p 5_' P T—II ik(ael
s 1 e o,
plk)=p) (1—-p) """ =—7"—==1
Ry

k=1 k=1
M() =3 e p(k) =@} _I(1 -~ P)e]* " = —Ll e

Kt _ ¢ leor @
‘-EI&”‘J ¢ ee Qnsume t oo
o
= T 9t pCE)
ngml imz 1P

dl“ Te 2oV
bt a=a-plefe
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Expectation and variance of geometric distribution.

Let X be a geometric random variable with success probability p. To
calculate the expectation E[X] and the variance Var(X), we apply the

geometric series formula (3.2) to obtain & poF = !
pee-p)F! ke lemop

o

EX]=) ke(k)=p> k(1—p)**

26



Moments of geometric distribution.

M) = EBJ( M) = EEAT)
o

;; Ml ]t“

We can calculate M’(t) and M”(t) for M(t) = #itp)e,. it s ddeie 70 200

m petli-trplet] + pefipret

O Taer  er
T @ pet _ pet + p(1 — p)e2t
MO = & [(1—(1—p)ef)2] - (G-0-pe)?

Then we obtain E[X] = M'(0) =[] and E[X?] = M"(0) =(232) Thus,
we have s O‘———\, ‘e
Var(X) = lf'ff] — (E[X])

z-r
F'.

2_1-p
=

27



Negative binomial distribution.

X, R Ky Xo Xp Ko Xq res xettol w7 anil v Succemes obLewves
(1) i(b b @ » (O K5
£5 i el
lor 9 ’ Q @ ke Tor u-c-( Lad
Tt 8 L e © (D [4 A
vt

Lhew v =3, Px-5) = (-pr® p? (I) f.“_f___, Plx= b~ (%’)“'P"@F@ MJI‘—(:.‘:JH—P)“-rPr

Given independent Bernoulli trials with probability of success p, the
frequency function of the number of trials until the r-th success is

k—1
p(k) = <r_1)Pr(1—P)k_r, k=r,r+1,....

This is called a negative binomial distribution with parameter (r, p).

28



=t
Example /@
A fair coin is flipped repeatedly until heads are observed four times.
Find the frequency function of twmts to flip a coin.

X
Plet)= ()00 ()1t e e (e

/p-'u 3 places
whore hends chrevied

® @

1
\._._..\/—-———'—"I 4 heuds

T hesads
[@“}' 1]1({“?} Teils
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Example
A fair coin is flipped repeatedly until heads are observed four times.
Find the frequency function of the number of attempts to flip a coin.

The number X of attempts represents a negative binomial random
variable with parameter r = 4 and p = % Thus, we obtain

p(k) = (k31) (;)k k=456,...

29



Relation between geometric and negative binomial distribu-

tion.

Z 2! e, & &% z,;a 29 Y= ot nmadt amtil 4ok sucier

n@ uO«aOo@ @

&
@ @ ﬁﬁ Y= X‘T?‘;f;\;-r.k.,a;{xt
mdepe

clﬂl‘d—{\nb rowrd
The geometric distribution is a special case of negative binomial

distribution when r = 1. Moreover, if Xi,..., X, are independent and
identically distributed (iid) geometric random variables with parameter p,

then the sum ﬁ B 0uls wnal ¢ succenes obsemed,
Y)=>"&) (3.3)
i=1

becomes a negative binomial random variable with parameter (r, p).

30



Expectation, variance and mgf of negative binomial distribu-

tion.

By using the sum of iid geometric random variables in (3.3), we can
compute the expectation, the variance, and the mgf of negative binomial

random variable Y. Q

4
EVI=E|D x| = EX] e
Var(Y) = Var (i X,-> = zr:Vallf‘{ Xi) = r(lp; p);

i=1 i=1

e [‘Il,:f) pet
My 1) = Mg (6 x Mle) -~ M (0) = | B[

Xe¥r - ke [._.Lt ]

-tep e £
MX.:JG\ ) > E[e'llﬁh)t]', Ele™, elhl = E[gk?.leceika:i‘&:*)&“)
§ua¢ §rlrz) it X bad pe are didependagy



Example
What is the average number of times one must throw a die until the

outcome @ has occurred 4 times?
=%

Eeat TR o o fer uoull ?HJ wAath Juccen ymbclﬂl‘_(;g F.;zi-
\f = W od genls wen\ G SuCcesses

=.4_=.1<(-

El¥)= T
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Example

What is the average number of times one must throw a die until the
outcome “1" has occurred 4 times?

The number X of throws until the fourth outcome of “1" is recorded is a

negative binomial random variable Witand Thus, we

obtain E[X] = J = 24.

32



Euler’s number and natural exponential.

The number

n
e= lim (1+%> =27182... = 2"

n—o0

is known as the base of the natural logarithm (or, called Euler's number).
The exponential function f(x) = e* is associated with the Taylor series

= ’;— (3.4)

k=0
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Poisson distribution.

The Poisson distribution with parameter A (A > 0) has the frequency
function

A Poisson random variable X represents the number of successes when
there are a large (and usually unknown) number of independent trials.

34



Example
Suppose that the number of typographical errors per page has a
Poisson distribution with parameter(A = 0.5.

1. Find the probability that there are no errors on a single page.

2. Find the probability that there is at least one error on a single page.

X = kot Typos ™ 6?‘}1
P(x=%) = e"‘{‘—?

°
A A —3_ —a. K

@ Plx=o)= pee) = € P;,T"‘i = e

B PUxz1) = 1-Pa=e) = (- e 2F
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Example

Suppose that the number of typographical errors per page has a
Poisson distribution with parameter A = 0.5.

1. Find the probability that there are no errors on a single page.

2. Find the probability that there is at least one error on a single page.
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Mgf and moments of Poisson distribution.

&—A_?\i o E _x_h
E! T ke K
By applying the Taylor sfwies (3.4) we obtain
= kt -2 — t)\ﬂa A eh Aef—1
_ — e ef—
M(t) =) e p(k) = ey 5 é _@.
C B[] k=0 o k=0 ,

Then we can calculate M'(t) = ()\et)e’\(e ~1jand

M"(t) = (Aet)?eMe D + NeteM =D Thus, we obtain

E[X] = M'(0) :®and E[X?] = M"(0) = A\®> + \. Finally we get
Var(X) = E[X?] - (E[X])? @
)
}.)x = E{x‘));v.srr;cl =A
re-e FAMM Tev
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Poisson approximation to binomial distribution.

X = #ob Succertes oot of n 1AlS A Binowic

{utw-vl

a3
fverepp Succes)€S w
Px=t) = (3 ) vee-p™*  Ex) = nf“/;;e—- Petsnm
D

The Poisson distribution can be used as an approximation for a binomial
distribution with parameter (n, p) when n is large and p is small enough

so that np is a moderate number A. Let (A = np) Then the binomial
frequency function becomes &I -r o

nl A\ X A\
Po=t) = p(k) =(-— || = 1-—-—
" ki(n— k) /\ n n
- Akl A A
Eis Fimed, :[—)— 1-—-) - (1--
E—— (n—k)'n n n
N D
k N k
— l{e_)l—(e A—iasn—)oo.@
| k! ——
® Tines
n} /.___A—-‘H_; )
: r_n(:\-!]x-- »(n-ke . .
(b)) n¥ Mna xn @‘ v e
bk s
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Example p=0.02
Suppose that the a microchip is defective with probability 0.02. Find

the probability that a sample of 100 microchips will contain at most 1
defective microchip. MEts
)lf—hF = L

X'-' # of de be e me emb ol Joo wmeS o~ RFMQMJ_

P()fil) = PCo.'-f[J(t)
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Example
Suppose that the a microchip is defective with probablllty. Find
the probability that a sample of(100)microchips will contain at most 1

defective microchip. n

The number X of defective microchips has a binomial distribution with
n =100 and p = 0.02. Thus, we obtain

P(X <1)=p(0) +p(1)_~

— (9% 0.08 100 4 100) (4.02)(0.98)% ~(0.403
= (') oser+ (1) 0.02)099)

B

Approximately X has a Poisson distribution with A = (100)(0.02) :@

We can calculate plere e ﬁ*

P(X < 1) = p(0) + p(1) = 2+ (2)(e %) ~(0.406)

WA

ptE/= (:) P”"Fﬂrk
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Expectation and variance of Poisson distribution.

X ~ Birowsd wol N oaed F:-% as 7t mpz 2

ELX..]-'-“F =A Xn =Y ~ Paissss whea nrso
_—
Ver (ko) = npti-p) = 2(1-3)
Let X,, n=1,2,..., be a sequence of binomial random variables with

parameter (n,A/n). Then we regard the limit of the sequence as a
Poisson random variable Y, and use the limit to find E[Y] and Var(Y).

Thus, we obtain

/,—-'-'-___"--.\‘“
EX;)]=X — E[Y]=X asn— o
A — -4 ]

Var(Xn):)\<1—%> —  Var(Y)=X asn— .

39



Sum of two independent random variables.

Recell! 28 X% acd ¥ e bivensad ety ¢p, p? pod (m, p? a-A 1181 are -\Jl-peudad“
thon i'- = XeY 3 bi‘hom—!a’ woh (new, P}

Theorem

The sum of independent Poisson random variables is a Poisson random
variable: If X and Y are independent Poisson random variables with
respective parameters \y and Xy, then Z = X + Y s distributed as the
Poisson distribution with paramete@
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Sum of two independent random variables.

Theorem

The sum of independent Poisson random variables is a Poisson random
variable: If X and Y are independent Poisson random variables with

respective parameters A1 and X\, then Z = X + Y s distributed as the
Poisson distribution with parameter A1 + Xo.

aet-0)

M= &
By the mgf property for independent randcy@riables we obtain

Mz(t) = Mx(t) x My(t) = e®('~1) x e -1) — g(atX2)(e=1) , ace )

et )= A ha
This uniquely determines the distribution for Z, which is Poisson with

parameter A\; + ;. This wath e

& mad o f P .
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Alternative approach to the proof.

Mea 5 pn—=o as b, by o0 chile Eipn =2y od G py =Rz

7
You can du w i "t &x wd Moo= )22 L3 o Hoor Jum et (?uu,u(- \lesar ]
%Mru-q £ LNJ A "je-— ]_1(.?1-_;‘:1

WfE) 1 s v vk, A As nroe Ll?ﬁ‘.(l'l‘i?
Let X, and Y, be independent binomial random variables with respective
parameter . Then the sum X, + Y, of the random
variables h;sqgtbinomigl)tribution with parm(kn + In, Pn)- By
letting k,p, — A1 and l,p, — X2 with k,, /, — oo and m the
respective limits of X, and Y, are Poisson random variables X and Y
with respective parameters A\; and \,. Meanwhile, the limit of X, + Y, is
the sum of the random variables X and Y, and has a Poisson distribution

with parameter A\; + Xs.

Znz ¥ncXn ~— Banemd wrh (OF huchs and (> o &5 no0

l &.i iy o
Z = X+ ({ ~— Poitdon aith A= E: My P" = i::;(k«_t,‘é 1_'_‘13 - At Ny
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Example

Suppose that at an office the average number of calls per hour is@ (a)
If the number X of calls for the first hour has a Poisson distribution,
what is the parameter A\? (b) Let Y be the number of calls for three
hours. What is the distribution for Y7 what is the value for parameter?
(c) What is the probability that the first call comes after 3 hours? (d)
In general what is the probability that the first call comes after ¢ hours?

rafe pia uwmit (on howr?)
() PCY =0) =pee)
Elx]=2¢3Ex)=r = »=2

A AE
.t = & e Laaelly {:=o
fv'puum'npwfwafﬂ- prl
Xi, A, 57 are nucher ok eclls o Ise, 2ad, Wrd heur . = pA o gt
T:(‘Ifxmij Lo ‘Po;l‘auuﬂ/\'—é ) T:ALTM* e Xy
= e———
win et g = L
Foisten e ! Peisvton wb y =2

werla N =4
P(Yz0) =z e A= e~ **
PoiStom ik )\-é
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Example

Suppose that at an office the average number of calls per hour is 2. (a)
If the number X of calls for the first hour has a Poisson distribution,
what is the parameter A? (b) Let Y be the number of calls for three
hours. What is the distribution for Y7 what is the value for parameter?
(c) What is the probability that the first call comes after 3 hours? (d)
In general what is the probability that the first call comes after ¢ hours?

(a) Since E[X] = A, it must be A = 2.
cAlZA =t
(b) Let X; be the number of calls during the i-th hour. Then
Y = X; + X5 + X5 must have a Poisson distribution with parameter
A=(2)(3) =6.
(c) The probability is obtained as P(Y = 0) = e~ ~ 0.002.

(d) Let Y be the number of calls for t hours. Then the probability is
obtained as P(Y = 0) = e~2t.
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Summary diagram.

(1)

Bernoulli trial

P(X=1)=pand P(X=0)=q:=1-p
EX]=p, Var(X)=pq

The probability p of success and
the probability g := 1 — p of failure

Geometric(p)
PX=i=q"'p, i=12,...

1 q
E[X]=—-, Var(X)= =
(X1 » (X) 2

o ol
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Relationship among random variables.

(1) X is the number of Bernoulli trials until the first success occurs.

(2) X is the number of Bernoulli trials until the rth success occurs. If
Xi,--+, X, are independent geometric random variables with parameter
p, then X = >~ _, Xi becomes a negative binomial random variable with
parameter (r, p).

(3) r=1.

(4) X is the number of successes in n Bernoulli trials. If X,--- X, are
independent Bernoulli trials, then X = >, _; Xy becomes a binomial
random variable with (n, p).

(5) If X1 and X3 are independent binomial random variables with
respective parameters (ny, p) and (n2, p), then X = X; + X is also a
binomial random variable with (n; + na, p).

a4



Relationship among random variables, continued.

(6) Poisson approximation is used for binomial distribution by letting
n — oo and p — 0 while A = np.

(7) If X1 and X3 are independent Poisson random variables with
respective parameters A\; and A, then X = X; + X5 is also a Poisson
random variable with \; + As.
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Problem 1

A study shows that 40% of college students binge drink. Let X be the
number of students who binge drink out of sample size(:iQ.

1. Find the mean and standard deviation of X.

2. Do you agree that the probability that X is 5 or less is higher than
50%7? Justify your answer.

X ~ G;mm:\f el (n= |7, Pf‘“‘?)

— P{k.]: (lz)to,u]k‘ (ul.)u_
h) PLASS)=pod< paje- « pe s *

—
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Problem

In a lot of 20 light bulbs, there are 9 bad bulbs. Let X be the number
of defective bulbs found in the inspection. Find the frequency function
p(k), and identify the range for k in the following inspection
procedures.

1. An inspector inspects 5 bulbs selected at random and without
replacement.

2. An inspector inspects 15 bulbs selected at random and without
replacement.
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[SLLolL o g ot ervor bits = 2 succen pbebely ¢= 07

=Xt t ke ke G Bowsd vk ned, peowy

Problem

Appending three extra bits to a 4-bit word in a particular way (a
Hamming code) allows detection and correction of up to one error in
any of the bits. (a) If each bit has probability .05 of being changed
during communication, and the bits are changed independently of each
&Eer, what is the probability that the word is correctly received (that

is, 0 or 1 bit is in error)? (b) How does this probability compare to the
probability that the word will be transmitted correctly with no check
bits, in which case all four bits would have to be transmitted correctly
for the word to be correct? Platd= (1) ptap**

t0) PONE1) = plx=o) e pix=1) = (}]eoncass)® « (1) oun)'(otn”

(W) P( I:/O] L 8 (t)l’:ahgﬁu.'lr?q‘
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Problem

Which is more likely: 9 heads in 10 tosses of a fair coin or 18 heads in
20 tosses?

50



Pl = PCx=1) = p&)= P=t)=(-p)c-p) po
W) = e ,{:.2] = (1-pr ) pr
F”? = Px= 3) = f|—f1}fl-rl) Pl

Problem %

Two boys play basketball in the following way. They take turns
shooting and stop when a basket is made. Player A goes first and has
probability py of making a basket on any throw. Player B goes, who
shoots second, has probability p» of making a basket. The outcomes of
the successive trials are assumed to be independent.

1. Find the frequency function for the total number of attempts.

2. What is the probability that player A wins? ;

b=t e T,
& f(_ )’{ k-4( k=1
y P72 A s ar bk omespt) = tmpe) U= p)

Plrk)= PCR wis ea Lok eTespr ) =
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plx= k) = FO=®) = TOC- et )

fasane €
/

X —2 Y= KXol =4 uf twals wasl b7 ruceeys

(@) p¥l=

Problem é

Suppose that in a sequence of i ing ependent Bernoulli trials each with
probability of success p, the number of failure up to the first success is
counted. (a) What is the frequency function for this random variable?
(b) Find the frequency function for the number of failures up to the rth
success.

Hint: In (b) let(X)be the number of failures up to the rth success, and
let Y be the number of trials until the r-th success. What is the
relation between the random variables X and Y ?

Y = Xty = dbof tnels wth roth seecers,

I\‘- htﬁm.‘w Bonemar o

(by plkl=P(X=k)~ P({=%er)
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Problem

Find an expression for the cumulative distribution function of a
geometric random variable.
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Problem

In a sequence of independent trials with probability p of success, what is
the probability that there are exactly r successes before the kth failure?

54



Problem

The probability that a man in a certain age group dies in the next four
years is p = 0.05. Suppose that we observe 20 men.

1. Find the probability that two of them or fewer die in the next four
years.

2. Find an approximation by using a Poisson distribution.
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Hoot gccepy = X A~ Domewncd it ) X~ Pobdlem vy
”::2:‘ Ly m=>m Tk now .‘:..-?
lm PUR=H) = PO4) = PR) & PCt=1) L.-.-.@
{-J\.{(; n :—-7\
Problem |0

P
The probability of being dealt a royal straight flush((ace, king, queen,

Jack, and ten of the same suit) in poker is about(1.5 x 10~%. Suppose
that an avid poker player sees@@hands a Week@we\{()s a year, for

@ears. ne lies (52 20) _—\—/—@

1. What is the probability that she never sees a royal straight flush
dealt? Plx=o) = P(y=s) = pes) = A A2 _ 5 -ouré

2!
2. What is the probability that she sees at least two royal straight
flushes dealt?

Xx22) = |- RX$1) & L= PCte) = 1 - pee) ~pai)
= |- c—a\j’:’,'_ e ﬁi = 1~ Ay
|||1{L}.-. [@2) ?L(r-PJi-k

56



Problem

Professor Rice was told that he has only 1 chance in 10,000 of being
trapped in a much-maligned elevator in the mathematics building.
Assume that the outcomes on all the days are mutually independent. If
he goes to work 5 days a week, 52 weeks a year, for 10 years and always
rides the elevator up to his office when he first arrives.

1. What is the probability that he will never be trapped?
2. What is the probability that he will be trapped once?
3. What is the probability that he will be trapped twice?
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Problem

Suppose that a rare disease has an incidence of 1 in 1000. and that
members of the population are affected independently. Let X be the
number of cases in a population of 100, 000.

1. What is the average number of cases?

2. Find the frequency function.
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Xi =4 of Seivades i Ftl, wond

¢ 8
X =7 )= = A A
Px>2) = por > 7 2

Problem

Suppose that in a city the number of suicides can be approximated by a
Poisson random variable Wit per month.

What is the probability of two suicides in January?
2.) What is the distribution for the number of suicides per year?
3. What is the average number of suicides in one year?

4. What is the probability of two suicides in one year?

= £ cdes = Xt ]HX‘MFLMLMT‘\AM
Y = Bof surcodes iw a);w = K klx Pris fom w@ n-—{@

~ Borstm Y2 %+ Yo ~— Coision
A PArtusa witla poarc arep
A"-(I"‘-]{u.))) MEn
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Optional problems

60



Problem

If n men throw their hats into a pile and each man takes a hat at
random, what is the expected number of matches?

Hint: Suppose Y is the number of matches. How can you express the
random variable Y by using indicator random variables Xy, ..., X,?
What is the event for the indicator random variable X;?

61



Problem

Suppose that n enemy aircraft are shot at simultaneously by m gunners,
that each gunner selects an aircraft to shoot at independently of the
other gunners, and that each gunner hits the selected aircraft with
probability p. Find the expected number of aircraft hit by the gunners.
Hint: For each i =1,...,n, let X; be the indicator random variable of
the event that the i-th aircraft was hit. Explain how you can verify
P(X; =0) = (1 — 2)™ by yourself, and use it to find the expectation of
interest.
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Problem

(Banach Match Problem) A pipe smoker carries one box of matches in
his left pocket and one in his right. Initially, each box contains n
matches. If he needs a match, the smoker is equally likely to choose
either pocket. What is the frequency function for the number of
matches in the other box when he first discovers that one box is empty?

Hint: Let Ay denote the event that the pipe smoker first discovers that
the right-hand box is empty and that there are k matches in the
left-hand box at the time, and similarly let By denote the event that he
first discovers that the left-hand box is empty and that there are k
matches in the right-hand box at the time. Then use Ax's and By's to
express the frequency function of interest.
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Problem (7

Let X be a negative binomial random variable with parameter (r, p).

4 o8 S s A Seateefle §

1. When r =2 and p = 0.2, find the probability P(X < 4).
Fof faceanes

2. Let Y“be a binomial random variable with parameter (n, p). When
n=4 and p = 0.2, find the probability P(Y > 2).- f¢x <¢)

3. By comparing the results above, what can you find about the
relationship between P(X < 4) and P(Y > 2)? Generalize the
relationship to the one between P(X < n) and P(Y > 2), and find
the probability P(X < 10) when r =2 and p = 0.2.

By using the Poisson approximation, find the probability
P(X < 1000) when r =2 and p = 0.001.
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Answers to exercises
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Problem 1.

1. The mean is np = (12)(0.4) = 4.8, and the standard deviation is

/(12)(0.4)(0.6) ~ 1.7.

2. Yes, because P(X < 5) ~ 0.665.
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Problem 2.

X has a hypergeometric distribution with N =20 and m = 9.
1. Here we choose r = 5. Thus,
9\ ( 11
() (2
20
(5)

where k takes a value in the range of 0 < k < 5.

p(k) =

2. Here we choose r = 15. Thus,

(&) (154
(i)

where k takes a value in the range of 4 < k < 9.

p(k) =
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Problem 3.

The number X of error bits has a binomial distribution with n = 4 and
p = 0.05.

() P(X <1) = (3) (0.95)* + (;‘) (0.05)(0.95)% ~ 0.986.

4

(b) P(X = 0) = (O

)(0.95)4 ~ 0.815.
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Problem 4.

“9 heads in 10 tosses” [(Y)(1/2)'° ~ 9.77 x 10~3] is more likely than
“18 heads in 20 tosses” [(23)(1/2)%° ~ 1.81 x 1074].

69



Problem 5.

Let X be the total number of attempts.
(1—p) Y1 —p)~1py if n=2k—1;
(1 —p) (1 = po)tpo if n=2k.

(a) P(X:n):{

(b) P({Player A wins}) = i P(X=2k—-1)=

Py (1= p)(1 = po)]t = P

= pP1+ p2 — p1p2
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Problem 6.

Let X be the number of failures up to the rth success, and let Y be the
number of trials until the r-th success. Then Y has a negative binomial
distribution, and has the relation X =Y —r.

(a) Here r =1 (that is, Y has a geometric distribution), and
P(X =k)=P(Y =k+1)=(1-p)p.

(b) P(X = k) = P(Y =k +r) = (kfr ) "(1- p)~.
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Problem 7.

Let X be a geometric random variable.

k
PIX<K) =) pl=p) " =1-(1-p)
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Problem 8.

Let X be the number of trials up to the k-th failure. Then X has a
negative binomial distribution with “success probability” (1 — p).

P({Exactly r successes before the k-th failure})

:P(X:r+k):<k‘kH )(1 p)p
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Problem 9.

1. The number X of men dying in the next four years has a binomial
distribution with n =20 and p = 0.05.

P(X <2) = p(0) + p(1) + p(2)

_ <200> (0.95)% + (210> (0.05)(0.95)*° + (220> (0.05)%(0.95)*8
~ 0.925

2. The random variable X has approximately a Poisson distribution
with A = (0.05)(20) = 1.

1
P(X<2)=elqelt Ee*1 = ge*I ~ 0.920
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Problem 10.

1. The number X of royal straight flushes has a Poisson distribution
with
A =1.5x107° x (100 x 52 x 20) = 0.156

Thus, we obtain
P(X = 0) = p(0) = e %° ~ 0.856

2. P(X >2) =1-p(0) - p(1) = 1 — 7015 — (0.156)(e~015¢) =
1 — (1.156)(e %) ~ 0.011
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Problem 11.

1. The number X of misfortunes for Professor Rice being trapped has a
Poisson distribution with

A=10""x (5 x 52 x 10) = 0.26

Thus, we obtain
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Problem 12.

1. The number X of cases has a Poisson distribution with
A =103 x 100,000 = 100

Thus, we obtain E[X] = X = 100.

1 k
2. p(k) = (e‘loo)% for k=0,1,....

7



Problem 13.

1. Let X; be the number of suicides in January. Then we have

2
P(X = 2) = _(0'23) (e70%%) ~ 0.039

2. Let Xi,...,X12 be the number of suicides in j-th month. Then
Y=Xi+Xo+ -+ X2

represents the number of suicides in one year, and it has a poisson
distribution.
3. E[Y] = E[Xi] + E[X2] + - - - + E[X12] = (12)(0.33) = 3.96.

4. Since A = E[Y] = 3.96 is the parameter value for the Poisson
random variable Y, we obtain

(3.96)?

P(Y =2)= =

(e73%) ~ 0.149
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