+
X i totinuens —> P(xs4)= g L
cold -

’,iiy‘*“‘a duncings ® [[ger= 'TC_ e

Wumtf,-n"-s -

Continuous Distributions

A normal distribution and other density functions involving exponential
forms play the most important role in probability and statistics. They are
related in a certain way, as summarized in a diagram later in this topic.



Exponential distribution.

- [,..-—-._\ . Are
Jap= X e 2% — g Ae- Mz = [-e"“] = g™ e,
1 ° SR e
ml-‘&lu‘wmd' ] 1

The exponential density function is defined as

:m‘l
A —Ax > 0; A
fo) = § S L_
0 x <0

Then the cdf is computed as

*
F .g -:\ad = = t
A e a [ & n.}o

t> 0; = - M (- ey

t<0

where \ > 0 is called a rate parameter.
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Suppose that the number of wins in a slot machine for an hour is

distributed with Poisson distribution with(\) (a) If you play for t hours,
what is the distribution for the number of wins in t hours? (b) Let X

be the exact time of your first win. Find P(X > t). (c) What is the

distribution for X?
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Example

Suppose that the number of wins in a slot machine for an hour is
distributed with Poisson distribution with A. (a) If you play for t hours,
what is the distribution for the number of wins in t hours? (b) Let(X)
be the exact time of your first win. Find P(X > t). (c) What is the

distribution for X?

(a) It is again a Poisson distribution with parameter@ (b) Let Y be the
number of wins in t hours. Then we have P(X > t) = P(Y =0). Thus,

0

P
P(X>t)=e Ma:e

(c) Since F(t) = P(X < t) =1 — P(X > t) @ X must be

exponentially distributed.

—At



Survival function and memoryless property.

T e Plx < #)

Sl = =Tkl = PCx > #)
L
]
iA—&-ht

The function S(t) =1 — F(t) = P(X > t) is called the survival
function. When F(t) is an exponential distribution, we have
S(t) =@ *Dfor t > 0. Furthermore, we can find that

PX > t+@ X >8) = ”(Px(;j)s) - 5(5"“(;5) — S(6) = P(X > 1),

Lrke aiwas (4.1)
which is referred as the memoryless property of exponential distribution.
R s

P({X’f*ltl | iXPf}) = PCBLA) = pP(RAA) - e) _ P(x:h'.rz
m— | S

PA) Pur  Pxss)
] A _ @~ Mes)

)
A 7_&. =Q"'A"=Sfﬂ’); (X >4
@ e 05 g one P J
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Example

A service time (in minutes) of post office is exponentially distributed
with A = 0.2. (a) Suppose that no one is there, and that you get the
service immediately. Find the probability that it takes more than 5
minutes to complete the business. (b) Suppose that someone else is in
service ahead of you, and that you are next in line. Find the probability
that you wait more than 5 minutes.

() —

° X = Ut v b W‘ﬁlﬁ rhe Sevvice ~ &"i"vhﬂ-“'d werd A

Pix > 5) = &')”"’__ et

=0, 2

X > Smaeenelia s Cetrin'e Wiy

Yorw Serviie fravfy

PeX >548)x55) 2 PUx>¢) = o



Example

A service time (in minutes) of post office is exponentially distributed
with A = 0.2. (a) Suppose that no one is there, and that you get the
service immediately. Find the probability that it takes more than 5
minutes to complete the business. (b) Suppose that someone else is in
service ahead of you, and that you are next in line. Find the probability

that you wait more than 5 minutes.
Let X be the service time. (a) We obtain
P(X>5)=1-P(X<5)=1-F(5)=e'~037.

(b) The service of the person ahead of you started s minutes ago.
P(X >5+s|X >s)=P(X >5)~0.37.




Gamma distribution.

ual: Y = Xur o X, b5 Arptm-fcun- ( :::i}
t 7
Ei-fum-ud ]

H o=

The gamma function, denoted by I'(«), is defined as ruy = S: e =

o0
Ma)= / u*te™" du, .
/ €9

|
kl 1= 2 £ et
Py

o )u_—.wr
L i)
Then the gamma density is defined as il

t>0

fo=0 4 teo

which depends on two parameters & > 0 and A > 0. [The textbook us

a parameter 3 = % instead.]

Mrddum-u‘ I”’(ﬁ?? Lek u=pt

A% Lan p("™ =\ g | > “t
= L T A = = = = - =
g fenr dt S ;’r"'c';)}* 27 d M’S )" e™ net e g\. u" ey
-5 o o



Properties of gamma function.

u=do

{ ey = i (€)= (-e7%) =1
{ ur o S
M
r(1) < / et du =1 ° *
MNa)= uo‘_le_“ du w o= -ou*™
0 - ‘“;:_',,.1: Ww=-€

o0
=[—e“u*] Z:go + (o — 1)/ u2e"" du
n P 0 e

o o )
=(a—1MNa-1) =
g
Suppose that the parameter « is a positive integer n. Then we have

F(n)=(n—1)I(n—1) = (ra)(n-2)0%n-2) = -
=(n—-1)x---x2x1xT(1)=(n-1)!

1



The mgf of gamma distribution.

10 - (et s
]
Let X be a gamma random variable with parameter (o, A). For t < A,
the mgf Mx(t) of X can be computed as follows.

Leucmv*

f>—/0&@£i:::f = e <D

Op gt J, (00720

n..-—-\;—-—-‘(_,—- Lez U=

oos =
A “ 1 * a—1_—u _ A “ -0 e
‘(A—r) r(a>/o e "“‘(A—t)

\__——q/"'_-___-)
)
If you usej)\ =1/p then we obtain Mx(t) = (1 — pt)~ .
rele P:-rﬂh-‘!&f J ) o, _1___ & _
per Mar of wmt !3=';‘l“‘*“"‘1““°“ &;—H:(I—fa‘k) = 0-pe)7t
e of event .
S

r
D&wmém‘“‘t 8



Parameters of gamma/exponential distribution.

od =l

fu

We call the parameter o a shape parameter, because changing a
changes the shape of the density. We call the parameter ) a rate
parameter, because changing A merely rescales the density without
changing its shape. In particular, the gamma distribution with o = 1
becomes an exponential distribution (with parameter \).

The parameter 8 = 1/, if you choose, is called a scale parameter.




Property of scale parameter.

Let X be a service time (in minutes) having a gamma distribution. If we
change the unit of measurement from minutes to seconds then (60)X has
a gamma distribution with new scale parameter (60)3. While the scale
parameter changes from 3 to (60)/, the rate par?r;wﬂe{er changes from A
to A/60.

Theorem
If X_has a gamma distribution with parameters()and 5 = 1/\ then

Y = kX has a gamma distribution with parame_t—e—r@an@

10



Property of scale parameter.

Let X be a service time (in minutes) having a gamma distribution. If we
change the unit of measurement from minutes to seconds then (60)X has
a gamma distribution with new scale parameter (60)5. While the scale
parameter changes from (3 to (60)/3, the rate parameter changes from A
to A/60.

Theorem

If X has a gamma distribution with parameters o an@then
Y =&KX has a gamma distribution with parameters@and‘"‘ seale
e L .2
We obtain Ele®) - E[e+¥¢] ok
¢ Y
My (£) = Mix(kt) = [1 = B(ke)] ™™ = [L = (k)= (1~ pe 7
5 4
Thus, Y has the mgf of gamma distribution with parameter@and kB, ~

Fhte plrapages i i_ls"—ji

10



Moments of gamma distribution.

Myti= (1~ PJ—J- * — f:?.““‘ﬂ; ;,rg‘}[,‘(,_lgn-u-(j
= .,tla“__ f,ﬂ':‘d-u)
. . My o) = ap =2
We can find the first and second moment )
/ﬁ M&u*ap(—y}[wm,u..m—t—*]

a
E[X] = M;((O) = X M= alaﬂ]’u’“__ ey R
Az
and 1 ///
Elx) = my(0) = 2 11
Thus, we can obtain En®) - (s ™
ofa —I— 1 a2 a
(X) ala+l)
! r UMQL LA
0 ~— 11

m-—-y.wm.—:isﬂ-



Expectation by direct calculation.

gmx.‘[graiz

-
Let X be & gamma random variable with parameter (a, A). Then we can
calculate E[X] and E[X?] as follows.

Loty gy

E[X] —/Oox A x*le™M dx = L/Oo()\x)a *)‘X)\dx/
) T(@) fo ST
0

:Ar(a)w_z ) /, hy
letec)

[taer)=o Fea)

12



Variance by direct calculation.

We havie/ >~

)\DL
E[X?] = 2
Xl= [
1 / utle ! duy =

0

A2 ()

Thus, we can obtain

Su 2t [ dx

nidez)

Var(X) =

ala+1)

>\2

1
a—1 AX a+1l _—Ax
X € dx = —)\Zr( ) A ()\X) @& Adx

1M a+2) :a(a+1)

A2 () ] A2

er;: lotet ] L laer)
= el ) g neg )

13



Sum of independent random variables.

Let@_and @ be independent gamma random variables with the
respective parameters (@i, A) and (@@, A). Then the sum Z = X + Y of
random variables has the mgf

Elelstdl+) = Ele* . ot¢] @

o - - () () (2

A—t
L A-g Mt T .

which is the mgf of gamma distribution with parameter (o + ag, A).

Thus, Z is a gamma random variable with parameter (a1 + ap, A).

—t
& A\ el e

e
¢ Xy ha, X pee .MWM erpone wiced ves Bwsnt. woh (@=1, A )

No Mtxies =Xy = Xithe € €Xn o~ basmin —om (h=n, A )
S Ay
Gasna wik (vl Y e wealy (d=2,N)

= Eir-pw'm.l L Ekpaacu-ft.ﬂ X



Chi-square distribution.

Aurben ;[uwnﬂ Mﬂ-—or{ lca-\-\m-- FVe el .. "

(‘Rlﬂd’thsa"'\l
c\{GXL

Z z
R e
The gamma distribution Gamntn dymheg o
affeasslol cayl,
e 1 Mn—taac Tha g
T — = n/2-1_,—x/2 o 6 1
d= %r’{‘ 0= gy ¢ x=20 Mreed o€

Ceprnentind
wit@nd@is called the chi-square distribution with@

degrees of freedom. [t plays a vital role later in understanding another
important distribution, called t-distribution later.] A chi-square random
variable X has the mean E[X] = n and the variance Var(X) = 2n
R ]
Elx}=g=2C-n

N

Verli1= & = 212,

= 2n
ot

15



Example

Let X be a chi-square random variable with n = 6.

1. Find the quantile @(0.05) and Q(0.95).

@ Let Y be a gamma random variable with « = 3 and A = 1/4. Then
R e
find P(3.28 < Y < 25.2).

(27PN P crinviud velue
[T .97
/ T
b.ok
A
’l T 2ol vl
BLoon Gle1¥) j Qoar) = gl;”‘*"- - -
Q loot?
= W:Ir
1 barue b of = 3 Al rete 5~ |,i; = L/j _G ~ (hi-fquure wATh b ﬂ‘-")‘“"‘ 4
=2 breedo~ 16

k1 z



Example
Let X be a chi-square random variable with n = 6.

1. Find the quantile Q(0.05) and Q(0.95).

2. Let Y be a gamma random variable with o = 3 and A = 1/4. Then
find P(3.28 < Y < 25.2).

L '
rd” /I oy
1. From the table we obtain Q(0.05) ~(1.635 and Q(0.95) ~(12.592

2. Since X = Y/ /2 has a chi-square random variable with n = 6, we
obtain

P(3.28 < Y < 25.2) = P(L64 < X < 12.6) = F(12.6) — F(1.64)
= 2 T _ — L e
. 1 ~ 095 — 005 :@ nilr st

16



Normal distribution.
for 4 ﬂ (6 —— veriaue

measn™

A normal distribution is represented by a family of distributions which
have the same general shape, sometimes described as “bell shaped.” The
normal distribution has the pdf

f(x) =

_ )2 o
oo [ ]2 6o

1
oV2r
which depends upon two parameters y and 2. In (4.2), 7 = 3.14159.. ..
is the famous "pi" (the ratio of the circumference of a circle to its
diameter), and exp(u) is the exponential function.with the base
e = 2.71828. .. of the natural logarithm.

17



Integrations of normal density functions.

Much celebrated integrations are the following:

“{M
" 00 _m‘—'—‘_t__”
® S«fwx - L ~ 28 e X / (4.3)
L U\/27r
© (x=)?
= x =] T d.
Elx] g-m fexida Um Ix @
Vel = S:;-—P?!. E—{-:‘-J de = O’\/E / X — /’L)z dX :@

—

Equation (4.3) guarantees that the function (4.2) always represents a

“probability density” no matter what values the parameters 1 and o
would take.

E{(x - efg)‘]

¥

18
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Parameters of normal distribution.

I'.far(?‘]' ‘rr:”'

We say that a random variable X is normally distributed with
parameter @@ when X has the pdf (4.2). Since E[X] = p and
Var(X) = o2, the parameter 1 is called a mean (or, location parameter),
B Tt Lo

and the parameter o a standard deviation (or, a scale parameter). The

parameter p provides the center of distribution, and the density function
f(x) is symmetric around p. Small values of o lead to high peaks but
sharp drops, while larger values of o lead to flatter densities. The
shorthand notation

is often used to express that X is a norrhal random variable with
parameter (u,02) with variance 2.

19



Linear transformation of normal distribution.

1 gt = Var (x)

o = Ve = Rt
— 3 A = X~ b e~

i =i§3vaa) = oo™
Elontl )= 4B+ b

=g+l

ELn
One of the important properties of normal distribution |s that their linear
transformation remains normal.

Theorem

Assume a # 0. If@is a normal random variable with parame@
[that is, the pdf of X is given by (4.2)], then Y = aX + b is also a
normal random variable having parameter (au + b, (ac)?).

e

Yoddyn Ve (L
In particular,
X—p 2
— = @)k - (L) ~ b)) (4.4)
; " o i’-
becomes a normal random variable with parameter (0,1), called the

P

standard normal distribution.
V\W

20



Proof of linear transformation theorem.

ot
,f-xun‘ = =

I"

a4x tb

i
Assume tha @ Since X has the pdf (4.2), we obtain the cdf of Y as

follows:

Fy(t)=P((aX+b< t)=P<X§ t%ab>=]:‘(:ij)

—b
1 x50 (x=p)? let [p= &% ¢
= — e 202 dx _ 4-* _A
?-& ¢~b)*),t o\ 2T | * "*r_ e o L0
t 2
. a2 _ t _lmamn)? d *
a-p)t g ] = e dy = ‘r‘a"*a
T et T et

el ~

Thus, Y has the pdf of N(au + b, a%0?). The case with a

exercise; see Problem 9.
/—_i _hepm]® { _Ly-pg? Tt o &
'FTEZ] %aﬁ_l—;‘: e Zar)t = & 257 &— nev “d-«r:--l

Glzn

et l,r":&ll'tb i = &G
21



Standard normal distribution.

w 2
uu

The normal density ¢(x) with parameter (0, 1) is given by

1 o Stomelav o poveal, ey,
b(x) = e, & q

€ )

V2r

and the table of standard normal distribution is used to obtain the
values for the cdf

() = /_ too 6(x) dx.

22



How to calculate probabilities.

X A N(r(( U'L)

Suppose that a tomato plant height X is normally distributed with
parameter (u,02). Then what is the probability that the tomato plant
height is between a and b7 The integration

1 =)

P(aSXSb):/ab

oV 2w

seems too complicated.

23



How to calculate probabilities, continued.

X ~ M o%)

If we consider the random variable =— 'u, then the event?({a <X < b})

is equivalent to the event Z ~ frtoct)
1]
25
g g ag
a' b’
Let o/ = &=£ and b' = . Then in terms of probability, this means that

X — 4
Pla< X <b)=P <a’ g(—ﬁjg b’) - / $(x) dx = D(b') — d(a).
; - ==
7 (4.5)
Finally look at the values for ®(a’) and ®(b’) from the table of standard
normal distribution, and plug them into (4.5). «— 5%,

fi :
X

o p 5 SlyY = Fegrl 24



b, r=4
{ Pl e ax € 1616)

/] =eabdq
b e

LA bl

§>]

X ~ NS, th)

A

Example

The tomato plant height is normally distributed with parameter (15, 16)
in inches. What is the M that the height is between 14.24 and
16.16 inches?

25



< = BH L b
P(s<xeh) = p(L e
a2 (it
Example

The tomato plant height is normally distributed with parameter (15, 16)
in inches. What is the probability that the height is between 14.24 and
16.16 inches?

We can calculate o’ = 1423=15 — @and b = 1016=15 0.29) Then
find ®(—0.19) Q@and ©(0.29) =(0.6141) Thus, the probability of
interest become(O 1894 or approxmately(U 19)

25



Summary of probability calculations.

Suppose that a random variable X is normally distributed with mean@
and standard deviation@ Then we can obtain

1. P(agxgb):ﬂb_—“)—cb a_—“>; e
o g et

BN AY ‘
2. P(xgb)_cb(T), AN \{\
2z X o
3. P(3§X)21—¢< JM>- — (- g(sn
8ok d
__L—*/“\\N
“I"‘ }-__!‘
F

26



The mgf of normal distribution.

uzo teed 0% 2

-
,_,pfs{‘) /m,;ﬁa

Le be a standard normal random variable. Then we can compute the
St pme e t2) *%_ﬂ _p)

mgf of X as follows. /’e-zsm,& e e
T R T
n 27 — 00 27 —00 ps

Etet*]

ﬁ) 1 et 2 |-t
guda :(e2—_27r /_Ooe z d%ﬁe Y oawtr, 1)
-

4
Since X = (Y — p)/o becomes a standard normal random variable and
Y = oX + p, the mgf M(t) of Y can be given by
e e R

Y "'N("llﬂ") 02t2
M(t) = e**Mx(ot) = ex <—+ t).
() = e Mix(ot) = oxp (75~ + 1
ELe*"] gt b Y
E[&“ﬂ“}d]

"
EleX ot ] = ¢*H E[ o “74] 27



Moments of normal distribution.

X ~ Nlu,o?)
Mowr= enp [ 24 ,u] e
MJte) = [u"x fp]gt;w‘*l“"
M) = a-’e!?l'“* ftf’?fpjle#'*(
Then we can find the first and second moment
EIX] = M(0) =@ and  E[XT] = M(0) = 4 + o
——

—
Thus, we can obtain Var(X) = (u? + 02) — p? = o2

= EO¥™) - @t)*

28



Sum of independent random variables

Let X and Y be independent normal random variables with the
respective parameters (jix,02) and (py,02). Then the sum Z=X+tY

of random variables has the mgf
T:afe'??» EE&“] Ele®™)

MZ(t) Mix(t) - My (t )—eXp< 5 t> rexp | oyt
——

(02 + o2)t? ey
= exp (Ty + (,U«x + /er)t ‘—&?‘Y ‘12—?'?' <+ H*l W

‘h—"‘“’l' ot a noewad oV
which is the mgf of normal distribution with parameter

) = (ux + ,uy,o + 02) By the property (a) of mgf, we can find that Z is a

normal random variable with parameter (ux + py, 02 + 05).
Z s o mormed dlond b . Them

= EL27] = ECx1® BIYI= R+ 1y
Fe Var ()= vl < vre(y) = 0t < o3t 29



Relation between normal and chi-square distribution.

_xY

/_.?QLM;"‘_‘—‘E&

»@) Let X be a standard normal random variable, and let
T R e i i ]

C 5=t

f
K - y=x2%"" FYw, \fw‘""‘a — LR how

2 5 P(‘rue)
be the square of X. Then we can express the cdf Fy of Y as

Fy(t) = POX? < £) = P(—VE < X < V8) = 9(y/2) = $(=y) in terms

of the standard normal cdf ®. By differentiating the cdf, we can obtain

the pdf fy as follows. L e 3
A
d 1 1 t ]. o g =
fv(t) = —F — 1t 2 2 = —t_1/2 —t/2
Y( ) dt Y( ) /_27_r € 21/2|—(1/2) € 9
o IS
where we use [(1/2) = /7. Thus, the square X? of X is the chi-square
L e _a¥a

Glx) =plx) =2
L) - o)) = L6 gl ¢ e atq) - gl e g

30



The relation, continued.

Now let Xi, ..., X, be independent and identically distributed random
variables (iid random variables) of standard normal distribution. Since

X?'s have the gamma distribution with parameter (1/2,1/2), the sum
G et p=| = ﬁa.--......‘.‘,‘@d =1

L \
Y = ZX2 XI ‘['Kz LTk,

.:w.... s.—————-—vm F iy ey
e A= d "““i e =2

has the gamma distribution with parameter.tn/2,1/25» That is, the sum
Y has the chi-square distribution with n degree of freedom.
A
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Extrema of exponential random variables.

pusu‘d). ditlarecA vaze peremeers

Let Xi,..., X, be independent exponential random variables with the
respective parameters A; ..., X,. Then we can define the random variable
= min(Xi, ..., X,) of the minimum of Xi,...,X,. To find the
distribution of V/, consider the survival function P(V > t) of V and

e———
calculate as follows. (- Byt
v

KA;: fx.> 1Y
P(V > t) = P(Xy > 8.\ X0 > ) < PlAia Ara- - AL)
=P(Xy>t)x - x P(X,>1t)

At
‘F(ar|=1—£.’.)"=
» —Ait —Mt — (A1t An)t
Ak — e My x e ME — o= (Mt +,7)7
PlX 241 € B e e

which is the survival function of exponential distribution with parameter
A= A1+ .-+ A,. Thus, V has an exponential distribution with

parameter A = A\ + -+ 4+ Ap.
A . - .

T vt A ) #

bime Fllage (a+ r/\k'}{-&'—‘i&‘“-

sAe™ £



Summary diagram.

"

Normal(u, o2)

1 _ =)
f(x)=—=—e€" 22, —00<Xx<00
2o

E[X]=p, Var(X) =02 E

(5)

()

(1)

IINC)

Y

Chi-square (with m degrees of freedom) ‘ f(g%)



Relationship among random variables.

(1) If X1 and X3 are independent normal random variables with
respective parameters (u1,0%) and (i,03), then X = X; + Xz is a
normal random variable with (1 + 2,02 + 03).

(2) If Xq,--+, Xpy are iid normal random variables with parameter (1, 02),
m 2
X, —
then X = E ( k M) is a chi-square (x?) random variable with m

o
k=1
degrees of freedom.

(3)a=2and A= 1.

(4) If Xq,..., X, are independent exponential random variables with
respective parameters A1, -+ , A, then X = min{Xy,..., X,} is an
exponential random variable with parameter 27:1 Ap

34



Relationship among random variables, continued.

(5) If X1, , X, are iid exponential random variables with parameter A,
n

then X = ZXk is a gamma random variable with (a = n, ).
k=1
(6) a=1.

(7) If X1 and X; are independent random variables having gamma
distributions with respective parameters (a1, A) and (a2, A), then
X = Xy + X is a gamma random variable with parameter (a1 + g, \).

35



Exercises
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Problem

Suppose that the lifetime of an electronic component follows an
exponential distribution with rate parameter A = 0.2.

1. Find the probability that the lifetime is less than 10.
2. Find the probability that the lifetime is between 5 and 15.
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Problem

Suppose that in a certain population, individual’s heights are
approximately normally distributed with parameters u = 70 and

o = 3in.

1. What proportion of the population is over 6ft. tall?
2. What is the distribution of heights if they are expressed in

centimeters?

X = Hu]lm N

= HeqgW @ om = (259 X
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Problem
Let X be a normal random variable with x =5 and o = 10.

1. Find P(X > 10).
2. Find P(—20 < X < 15).
3. Find the value of x such that P(X > x) = 0.05.
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Problem
Suppose that X ~ N(u,0?).

1. Find P(|X — p| < 0.6750).

2. Find the value of ¢ in terms of o such that
P(p—c< X< p+c)=0.95.

e 5

e = < = t‘;——.ﬁ k—-n“ BECh U
P(y-‘ X € pee)= PC = < ¢ ¢ = ) ?
2 e /

Z""Mlo,[] ’;:.\._. // PSS >

=P(-5342 <2 ) =048 < ZLy

-

~—

L= Lgts o
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212F = ey f m=L4C
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Problem

X is an exponential random variable, and P(X < 1) = 0.05. What is \?
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Problem

The lifetime in months of each component in a microchip is
exponentially distributed with parameter yi = ﬁ.

1. For a particular component, we want to find the probability that the
component breaks down before 5 months, and the probability that

the component breaks down before 50 months. Use the
LIl &Y Lintelidnk
approximation e~ ~ 1 — x for a small number x to calculate these

probabilities.

2. Suppose that the microchip contains@@ of such components and
is operational until Lt_/Lee_of these components break down. The

lifetimes of these components are independent and exponentially
distributed with parameter p = ﬁ. By using the Poisson
approximation, find the probability that the microchip operates
functionally for 5 months, and the probability that the microchip
operates functionally for 50 months.
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Problem

The length of a phone call can be represented by an exponential
distribution. Then answer to the following questions.

1. A report says that 50% of phone call ends in 20 minutes. Assuming
that this report is true, calculate the parameter \ for the exponential
distribution.

2. Suppose that someone arrived immediately ahead of you at a public
telephone booth. Using the result of (a), find the probability that
you have to wait between 10 and 20 minutes.
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Problem
Let X;, i =1,...,6, be independent standard normal random variables.
Find

P(X? 4+ X3+ X3+ X2 + X2 + X2 <1.64)

a4



Problem

Let X be a normal random variable with parameter (11, 0?), and let
Y = aX + b witha < 0.

1. Show that .
P(Y < 1) :/ F(x) dx,

—00

where

2. Conclude that Y is a normal random variable with

parameter (ap + b, (ac)?).

@0 -
?(‘(ﬁ;}:P(fobst)=P(aksdvb)FP(xz;‘f_i;b):g ?Ee, e
Lk u=ax < b oucagy =-lald =

Y

+

= & a4

= S ol Lo " du
—-x
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Problem

Let X be a normal random variable with parameter (11, 0%), and let
= eX) Find the density function f of Y by forming

P(Y <t)= /tf(x)dx.
0

This density function f is called the lognormal density since In'Y is
normally distributed. mabey, qee”

— =

Uag P #+
oz P2 A) = Plems )= Plx 2 fuk) = ,;%;_ & Yy :?R
x o

Let Aﬁf-t'a, Ar= éda

g=* —thg epp? 1=k
- g ein.ﬁ,; e 2o ala = g :‘{‘«‘2\{15‘

=0 —
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Optional problems
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Problem

Show that the standard normal density integrates to unity by
completing the following questions.

[e3) [e's) 242 oo 2w 2
1. Show that/ / e 7 dxdy :/ / e~ 7 rdfdr = 2r.
—o0 J—o0 0 0

=) 1 > 2
2 dx=——= [ e Tdy=1
\Y4 27T /—oo Y

2. Show that

2

1 *
—_— e
oV 2w /_oo
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Problem

Suppose that a non-negative random variable X has the memoryless
property
P(X>t+s|X>s)=P(X>t).

By completing the following questions, we will show that X must be an
exponential random variable.

1. Let S(t) is the survival function of X. Show that the memoryless
property implies that S(s + t) = S(s)S(t) for s, t > 0.

2. Let k = 5(1). Show that x > 0.

3. Show that S () = kn and S () = k™.

Therefore, we can obtain S(t) = k* for any t > 0. By letting

A= —Ink, we can write S(t) = e~ t.
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Problem

The gamma function is a generalized factorial function.

1.

Show T(L) =2 [ e dx.

Hint: Use the substitution u = x2.
Show [ e dx = /7.

Hint: Use the result of optional problem 11.
Show that ['(3) =/, and that

()=

if n is an odd integer.
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Answers to exercises
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Problem 1.

Let X be the life time of the electronic component.

1. P(X <10) =1 — e (02(19) ~ 0.8647
2. P(5< X <15) = e (020) _ ¢=(02(15) ~ 0.3181
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Problem 2.

Let X be a normal random variable with ¢4 = 70 and o = 3.

72 -70
3

1. P(X > (6)(12) =1— o ( > ~1—®(0.67) ~0.25

2. In centimeters, the height becomes (2.54)X, and it is normally
distributed with p = (2.54)(70) = 177.8 and o = (2.54)(3) = 7.62.
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Problem 3.

1. P(X>10)=1-0 (101—65> =1 - (0.5) = 0.3085.
15-5 —20-5
2. P(_20<X<15)_¢(T> —¢( 10 ) =
®(1) — &(—2.5) = 0.8351.
x—5

3. Since P(X >x)=1-9 0 ) = 0.05, we must have
® (%52) = 0.95. By using the normal distribution table, we can find

X1_05 ~ 1.64. Thus, x ~ 5+ (10)(1.64) = 21.4.
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Problem 4.

1. P(IX — | < 0.6750) = P(~0.6750 < X — j1 < 0.6750) =
®(0.675) — (—0.675) ~ 0.5
2. P(u—c <X < pu+c)=0.95 implies

P <X —# < E) =0 (E) = 0.975. Then we can find Cx 1.96.
o o o o
Thus, ¢ = 1.960.
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Problem 5.

By solving P(X < 1) =1 — e~* = 0.05, we obtain
A= —1n0.95 ~ 0.0513.
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Problem 6.

(a) Let py be the probability that the component breaks down before 5
months, and let p, be the probability that the component breaks down
before 50 months. Then,

pr=1—e 5 ~1—(1-0.0005) = 0.0005;
po=1—e5% ~1—(1-0.005) = 0.005.

(b) Let Xj be the number of components breaking down before 5
months, and let X, be the number of components breaking down before
50 months. Then X; has the binomial distribution with parameter
(pi,1000) for i = 1,2. By using the Poisson approximation with

A1 = 1000p; = 0.5 and A\, = 1000p, = 5, we can obtain

2
P(X; <2)=e ™ (1 + A+ %) ~ 0.986;

/\ 2
P(X, <2)=e (1 + X+ %) ~ 0.125.
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Problem 7.

Let X be the length of phone call in minutes.

(a) By solving P(X < 20) =1 — e=20% = (.5, we obtain
A= 1205 ~0.0347.

(b) P(10 < X <20) = (1 — e729) — (1 — e710%) = 0.207.
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Problem 8.

Since Y = X7 + X7 + X3 + X7 + X2 + XZ has a chi-square random
variables with n = 6, we obtain P(Y < 1.64) = 0.05.
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Problem 9.

(a) Recall that a < 0.

P(YSt):P(aX—l—bgt):P(XZ(t—b)/a):/oo L Cx=

exp | ————
(t—b)/a OV 2T 20
bl (y —ap—b)
= _ d
/—oo lalov/2m P [ 2(ac)? ] 4

by substituting x = (y — b)/a.

(b) The integrand f(y) is a normal density with (au + b, (ac)?).
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Problem 10.

For t > 0 we obtain

P(Y <) =P <t)=P(X <Int) = / T [—(Xz;f)2] di

1 (Iny — p)?
= - d
/0 yoV2rm &P [ 202 ] y

by substituting x = Iny. Thus, the density is given by

1 (Iny - u)z]
fy)=—F=ep |——F5 |, > 0.
¥ yoV2rm P [ 202 y
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