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Joint Distribm e x~[3]
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A bivariate normal distribution generalizes the concept of normal

MM It requires a matrix
formulation of quadratic forms, and it is later studied in relation with a
linear transformation of joint densities. An important application for
bivariate normal distributions is discussed along with the introduction of
conditional expectation and prediction.



Operations in matrices.

Matrices are usually denoted by capital letters, A, B, C, ..., while scalars
(real numbers) are denoted by lower case letters, a, b, c, .. ..

d

a b ka kb
1. I [tiplication: k =
Scalar multiplication lc ] lkc kd]

ae + bg af + bh
ce+dg cf +dh

2. Product of two matrices: la b] le f] _
c d g h

-
a b a ¢

3. Thet f trix: = .
e transpose of a matrix [c d] lb d]



Determinant and inverse of a matrix.

Tt derpspat de ertrremte o4 Wavrer P2 A’ ; U oet 4 2o

e A ity

1. Determinant of a matrix: det la S] = ad — bc.
c

2. The inverse of a matrix: If A= F) (g] and det A # 0, then the
c

inverse A~1 of A is given by

a1 [@ Bl __ 1 [d -b
~detA|Co @] ad—bc|-c al’

and satisfies AA™! = A71A = Ll) ﬂ =1

A_ <
3 Tennpote of A= [%‘i ] AWy wttrr.

A= 1]




Quadratic forms.

AR P e

If a 2-by-2 matrix A satisfies AT = A, then it is of the form [Z 9, e
C

. . . x|\,
is said to be symmetric. A 2-by-1 matrix x = lIS called a column

y
vector, usually denoted by boldface letters x, y, ..., and the transpose
x®= [x y] is called the row vector. Then, the bivariate function
R

Qx,y) =x"Ax = [X y] lz ﬂ m =a +2bxy + oy (5.1)

is called a quadratic form.
e .

b
[= 'ij[i o J {;J = [ar+by 5&:.3][:] = x (a2 %)) + ylieccy)

P i N
= RARX "t bxy + hxey = &
3 3 )

z#’-g



Cholesky decomposition.

eruJ p-blen

If ac — b?> # 0 and ac # 0, then the symmetric matrix can be

decomposed into the following forms known as Cholesky decompositions:

PO L va 0 va b/v/a (5.2)
b ¢ b/\/a +/(ac—b?)/a|l | O /(ac — b?)/a

[«/(ac—bz)/c b/\/E] l\/(ac—b2)/c o] (53)
0

Ve b/+/c Ve



Decomposition of quadratic form.

Corresponding to the Cholesky decompositions of the matrix A, the
quadratic form Q(x, y) can be also decomposed as follows:

b 2 ac — b? 2
az‘fzb;-a*‘“q“ = Q(x,y) = | Vax+ ﬁy + P (5.4)
x* A x _/

:}» . \_ aC—b2X ’ i
5133[“”;} _< c ) +(\/E

x+ﬁy>2 (55)



Bivariate normal density.

<

o _ A o)
"P[ I e J WOk pavepeTes [, 6

A

The function

oy 1_1p2 l(x (—Ixux>2+ <)’;_y/~‘y>2_2p(><—u;3g—uy)]

5.7)
gives the joint density function of a bivariate normal distribution.
hith paramatets Pa, Uy, e, o, @ [x-pa g-pud 27 ["'"‘1
e e ]
o cverelpacm Mﬁﬁ)mt

b metr [paramete-5



Quadratic form of bivariate normal density.

1 st pavy

o eu)t
b = ;—h_:: QF['intij/» Py z-p)

2 2 mac o 2
Note that the parameters o3, 0, and p must satisfy o5 > 0, oy > 0, and

—1 < p < 1. By defining the 2-by-2 symmetric matrix (also known as
covariance matrix) and the two column vectors

2
y=| % po’fy , XxX= x and p= Fix ,
POxTy ay T y T Hy
—_—
AT AE elAr Veutar

the quadratic form can be expressed as rectr

QLx,y) = (x =) =} (x — )

—1

Oy POxOy X — [y
p— X— X _— . 5-8
[ Bx Y uy} [pgxay 2 ] L’_W] (5.8)

y
o‘“ — OO £ _’_.‘ .
I""Tiz ‘ fl’;_'l—,[’r e
LT [\ 7% ' -2 A

an [As

n x

8= 0 = (1-p) ol
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Marginal density functions.

fear= &x.;.’ da

(K,x) —~ 1[\&-3} == L“J, - |ﬁaf1"£| [ 5 l'x-lh']‘k

2t (s L) 9oy

\ij] = V fexy) de
Suppose that two random variabies X and Y has the bivariate normal
distribution (5.6). Then their marginal distributions fx(x) and fy(x)

respectively become
?r\’w'd‘

" ‘/ 1 1 /x— 2 Norwad naak wd gt
b, = f = _z <i§> £ A M2 ad gy
L rdy = KX) = Za—ewy =3

and

® 1 1 .y_M 2 L vty 2
g faqyelz = fy(y) = \/2_—7rayeXp{_§ (a—yy) }"”' Hy o o
-0t

Thus, X and Y are normally distributed with respective parameters
(:UX70'>2<) and (:Uyao'}%)'
e
Elx] = S = fyrda =@

'~

- o (o2
Vi (8) = Sh“(x-r.d Lywe) dz @ 8



Independence condition for X and Y.

Ih Xad Y arve mo{c{;uiud:

Ry 2
b1 o b= i, < [ ()-8 |

If p =0, then the quadratic form (5.7) becomes

2 2
aon- (5524 (52

and consequently we have f(x,y) = fx(x)fy(y). Thus, X and Y are
independent if and only if(p =0

10



Conditional density functions.

If X and Y are not independent (that is, p # 0), we can compute the
conditional density functions fy|x(y|x) given X = x as
f{z-!?

—~—
b )= 1 exp ) L (Yt pox =)
o v2ﬂ€y?_1—p2) 2 @V1-7
5 &

o === ey [ 1 (34B)*
which is the normal density function with parameter W
(1y + P2 (x = px), 05(1 = p?)). Similarly, the conditional density
function fx|y(y|x) given Y = y becomes

{ee.
1) ] (

[n

e

5 2
X = pix = pE(y — My)>
Tx\/ 1 — p?

Gz
which is the normal density function with parameter = ;}if'ﬂ- -'l(i;-.“')z]
(hx + P2 (y — 1y), 02(1 = p?)).

N 1
Aew fx|v(xly) =

V2r6/1 — o2 2
o

11



Covariance calculation.

Let (X, Y) be bivariate normal random variables with parameters

(11x, pty, 02,02, p). Recall that f(x,y) = f(x)f(y|x), and that f(y|x) is

the normal density with mean p, + p2*(x — ) and variance o7(1 — p?).
Al e R i T T

F' - L
irst we can compute Lahwm dy - 14.8 davrdy = 4« p% cxopnr -7
s e e

e U;ﬁ-m Mesin peraweTor
hzt = / (v = my)f(y|x) dy @((_/X—ux)-

He %]
Then we cgn apply it to obtain  [x) = %ﬂl > krg=feyw haa)
wik )

Elx-em) (¥ - 8003) 3 o oo
00X, ¥) = [ [ = i)y = m)(xy) oy o

:/m(x dx

— 00
_“_'______f_.____-

@ | tx- i) dx = pZ 02 = poso,
Ox Gl
\_.___V__-/

EL(x~EL:0?] = Var(x) = 0,°

12
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Correlation coefficient p.

The correlation coefficient of X and Y is defined by
653
Cov(X,Y)™”

vV VaE(X)Va‘l:( YY)

T

[ A 5
It implies that the parameter p of bivariate normal distribution represents
the correlation coefficient of X and Y.

13



Conditional expectation.

ere) = g 1@
ke -

L)
Let f(x, y) be/a joint density function for ran
let fyx(y|x) be the conditional density function of Y given X = x (see
Note #2: “conditional density functions”). Then the sonditional
expectation of Y given X = x, denoted by E(Y|X = x)) is defined as the
function h(x) of x:

ECVX =2 =)= [y ity )@

In particular, h(X) is the function of the random variable X, and is called
the conditional expectation of Y given X, denoted by E(Y|X).

m variables X and Y/, and

14



Conditional expectation of a function g(Y').

Elq(v)) = g v dyndy

-

Similarly, we can define the conditional|expectation for a function g(Y)
of the random variable Y by

oo

EE@Y)IX =) = [ &0 iyl dy.= heo

—0o0

Since E(g(Y)|X = x) is a function, say h(x), of x, we can define
E(g(Y)|X) as the function (@) of the random variable X.

LY

15



Linearity properties of conditional expectation.

ElaY+«b] = aErd« b

dentg If
Let a and b be constants. By the definition of conditional expectation, it
- -
clearly follows that g lagte) b dy = 2 S_*N-de: t b Sv beyinrdy
T Y e

E(aY + b|X =®) = aE(Y|X =®)+ b. 1
Consequently, we obtain

E(aY + b|X) = aE(Y|X) + b.

16



Law of total expectation.

e~
Since E(g(Y)|X) is a function h(X) of random variable of X, we can
consider “the expectation E[E(g(Y)|X)] of the conditional expectation
E(g(Y)|X),” and compute it as follows.

M_— ECh(x?)

EEGOIX = [ hx)fx) o

A

— /oo [/0; g(y) frix(y[x)@y)| fx(x)@x)

— 00 —

hxi= B(300) |5==)
= g. fey) ff;md-a

<31

Factam = ) —_——s =
F B / Tﬁ x () (x) @) ()@

_oO: - dexiy) 1 .

= / g(¥)fr(y)dy = E[g(Y)]. g_wmqw_f}= o

Thus, we have E[E(g(Y)|X)] = E[g(Y)]
(St
tordaemad eepecerim

topes 7 an

17



Conditional variance formula.

Recoll! Var(£7=E[(v-gcr)°] = B0y - (B)* ELY) R 3 by
1 -2

Var(1IX) = E({T" Ef‘ﬁﬂﬂ X) ElY| %=2) = S 9 fn'faluid'az htx)
-
The conditional variance, denoted by Var(Y|X = x), can be defined by

hw= Var(Y|X =x) = E((Y — E(Y|X = x))’|X = x) e El(Y-t0)*]
= E(Y2|X = X) — (E(Y|X = X))27H HY') '(Eﬁ‘nz

where the second equality can be obtained from the linearity property.
Since Var(Y|X = x) is a function, say h(x), of x, we can define
Var(Y|X) as the function h(X) of the random variable X.

18



Conditional variance formula, continued.

Now compute “the variance Var(E(Y|X)) of the conditional expectation
E(Y|X)" and “the expectation E[Var(Y|X)] of the conditional variance

Var(Y|X)" as foIIow; verle)= E(2%) -(e221)*
Var(E(Y|X)) = E[(E(Y[X))*] - (E[E(Y|X)])?
tovdioned _ 21 _ 2
vt S = EECDO) - €M) o
E[Var(Y[X)] = E[E(YZ[X)] = E[(E(Y|X))’]

= B0y~ ECYIn)° ———
e = E[Y?] — E[(E(Y|X))?] @)

By adding (1) and (2) together, we can obtain
Var(E(Y|X)) + E[Var(Y|X)] = E[Y?] — (E[Y])? = Var(Y).

19



A function g;(X) in conditional expectation.

E(Agzt‘cﬂ =& Elg.00))

Lolenes &

E(q00 o) | X=2 ) = E(§:6) 400\ X=2)

= §lm BE(Julx) \x=2)

In calculating the conditional expectation E(g1(X)g(Y)|X = x) given
X = x, we can treat g1(X) as the constant gi(x); thus, we have
E(g1(X)&Y)IX = x) = &1(x)E(g2(Y)|X = x). This justifies

L
Lanftank

E(g1(X)g2(Y)|X) = g1(X)E(g2(Y)[X).

This evpends tha bormala: E(e a:l‘fﬂ") =< 5(3‘"”")

20



Prede Y glen X =2
E([Y- 5&?)2] Showld he wune uzed o v here 'pn.ohcz.-ma.{—'{ h.gg(x)

Suppose that we have two random variables X and Y. Having observed

X = x, one may attempt to “predict” the value of Y as a function g(x)

of x. The function g(X) of the random variable X can be constructed for

this purpose, and is called a predictor of Y. The criterion for the “best”

predictor g(X) is to find a function g to minimize the expected square

distance E[(Y — g(X))?] between Y and the predictor g(X).
I

21



Prediction, continued.

We can compute E[(Y — g(X))?] by applying all the properties of
conditional expectation.

A B
[EL(Y - g(X))? F E [(Y — E(YX) + E(YIX) — g(X))?]

— E[(Y - E(YIX)))
21 [+ ER(Y - E(YIXO))E(YIX) - g(X)) + (E(YIX) — g(X))]
= E[E((Y — E(Y]X)?X)]
+ E[2(E(Y1X) ~ g()E((Y — E(YX))IX)

+E[(E(Y]X) — g(X))’] 0
= E[Var(Y|X)] + E[(E(Y|X) — g(X))?], =% = 3¢ = &)
Rl B el B A
which is minimized when g(x) = E(Y|X = x). Thus, we can find
g(X) = E(Y|X) as the best predictor of Y.
22



A% 2 A8 2
8 ELO-E600 T+ 2 ELOY-Bw) (evin)- §6x)] + ELENIX)-g6x))*)

e )
= ELE(-e00m)‘1x) ) + 2B (Y- ) (i) -306) ()] + "
——\—— L-r‘
Ve (Y1X) A S
-
El2) = E[E(2IX)] CECY) - §0) E(Y - EIX))X )
4.(x) k——"r—_——,

E(Ix) - E(E0YIX) 1X)
—
E(YIX)

0
= E[ver(r0) + ELCEI - gx) ]



The best predictor for bivariate normal distributions.

»
EM\x=2) = S 9 "hu)dz = l‘““f%c’”l‘"’l =h(z)

-

When X and Y has the bivariate normal distribution with parameter
(11x> fiy, 02,07, p), we can find the best predictor
R e e )

hix) = E(Y[X) = py + p?(X — lx);= Go+ G X
S ————
which minimizes the expected square distance E[(Y — g(X))?] to

6= ‘7}2/(1 —p?). J
s

E[(T-s(xn’] = Elvar (YIN)] = ;ra‘“_,z)
&

Var(Y1x=x ) = 63 1-p*)

23



The best linear predictor.

Except for the case of bivariate normal distribution, the conditional
expectation E(Y|X) could be a complicated nonlinear function of X. So
we can instead consider the best linear predictor

g(X) =a+pX
of Y by minimizing E[(Y — (o + 8X))?]. First we can observe that

ho. g2 = E[(Y = (a+ BX))?] < E[Y*- 29Y - 26xY + d*- 24px + p?x* ]
= E[Y?] - 2ap, — 2BE[XY] + o® + 2aBux + BPE[X?]

where p1, = E[X] and p, = E[Y].

24



The best linear predictor, continued.

we can obtain the desired values o and /3 by solving
D E[(Y ~ (o + BX)V] = ~24, + 20+ 211 = 0
%E[(Y — (a+ BX))?] = —2E[XY] + 2au, +2BE[X?] = 0
The solution can be expressed by using 02 = Var(X), 02 = Var(Y'), and

p = Cov(X, Y)/(ox0o,), and obtain

EXY] - EIXIELY] o,
P= e (EX)E  Con

g
@ = pty = Blix = pry = p— pix

In summary, the best linear predictor g(X) becomes

g(X) =py +pEL(X —px). v~

g
Ox

25
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Transformation of variable.

For an interval A = [a, b] on real line with a < b, the integration of a
function f(x) over A is formally written as

/A F(x) dx = / () . (5.9)

Let h(u) be differentiable and strictly monotonic function (that is, either
strictly increasing or strictly decreasing) on real line. Then there is the
inverse functiong@ = h™J, so that we can define the inverse image
h=1(A) of A = [a, b] by 4
n
ue k) | |
“1(A) = g(A) = {g(x): a<x < b} A{"r““wa gh “
2= htw)
The change of variable in the integral (5.9) provides the formula

W_/gw h(u))’%h(u) én (5.10) |

L = rd
L{Ll da = g J:l: o = (fv(ﬂg{u)t—ﬁ l\th}]dh oG




2= he? A=hiu)

s% = hfu) <0

L

Wi Wk u '|

L e (%}
A e e
b4}
p 1]
S Fiagde = g Lo dx g Foda = g brreln
A o 4 a
KCk) K7D
= S Frhe) htmd dy = g fehear) Wenl du
Wie) Ly
, Witel
= S Fohewr) h'Cw)dun - ';Ulll'?} W) olia
o Wek)

- S F"’”"T)E'}n’mr]du\

/ WA

g Fener) | Wewr | du
WA



Transformation theorem of random variable.

Theorem
Let X be a random variable with pdf fx(x). Suppose that a function
g(x) is differentiable and strictly monotonic. Then the random variable

IY = g(X) lhas the pdf

f ) = fule 1<y))\ 1(y)] (5.11)

27



A sketch of proof.

x

Since g(x) is strictly monotonic, We'can find the inverse function
@ and apply the formula (5.10). Thus, by letting A = (—oo, t],
we can rewrite the cdf for Y as

Fy(t)=P(Y <t)=P(Y € A)
= P(g(X) € A) = P(X € h(A))

— /h " fx(x) dx = /g o fx(h(y))'d%h(y)' dy
:/Afx(g_l(}’)) ‘d%g‘l(y)‘ dy - r&r;*fw}%rw‘\“*
L

t 0]
By comparing it with the form / fy(y) dy, we can obtain (5.11).

—00

28
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Example ot
Let X be a uniform random variable on [0, 1]. Suppose that X takes
nonnegative values [and therefore, f(x) = 0 for x < 0]. Find the pdf

fy(y) for the random variable Y = X".

FYffJ=P(Y&T);P(D€:}("St): P(o:sﬁ(éfv") Lvtﬁo

Fasl

ngF ; 1oz = £ W+ oogr g
= () dz = °

o

1 it
| A1 f!f..-l it psd <

v = S |
Fouer = % Feen) =
[+ T

29



Example
Let X be a uniform random variable on [0, 1]. Suppose that X takes
nonnegative values [and therefore, f(x) = 0 for x < 0]. Find the pdf
fy(y) for the random variable Y = X".

Afp& Thearen- |
Let g(x) = x". Then we obtain h(y) = g~ *(y) = y'/", and
W (y) = Ly@/m=1 Thus, we obtain

yum=tifo<y <1

1
fy y) = *y(l/")flfx yl/n _
2 n ( ) 0 otherwise.

29



Linear transform of normal random variable.

e ‘v!.f"ﬂ—.’)l Enaws thet - X~ foatrﬁ'“) Them YzaX + b~ W(quch, atr?)
Letes prove it fgeds hy dﬁg;»? Flesrema | y=dzeb ik Gy o0

Y-aX+l = §x) wat for=aztb CSEATTSE 5
| L] - b
boor= e o [- 22 et}

Let X be a normal random variable with parameter (p,02). Then we can
define the linear transform Y = aX + b with real values a and b. To
compute the density function fy(y) of the random variable Y, we can

apply the transformation theorem, and obtain oo
o ——

I SN 2 R
fY(y)_|a|a\/Z p[ TR ]

This is the normal density function with parameter (au + b, (ac)?).

K ¢ J
fetgen) Id ;"fvl I E "laJ_ exp [' 262 ]
———

2

_ [y-b-ep]
20t5®
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Transformation of two variables.

For a rectangle A= {(x,y): a1 < x < by, a <y < by} on a plane, the
integration of a function f(x, y) over A is formally written as

//AF(X,}/)dxdyz/:2/31[71 f(x,y)dxdy (5.12)

Suppose that a transformation (gi(x,y), g&2(x,y)) is differentiable and
has the inverse transformation (hy(u, v), ha(u, v)) satisfying

{x = hy(u,v)

y= h2(u’ V)

u=gi(x,y)

5.13
v =g(x,y) 19

if and only if {

31



Transformation of two variables, continued.

We can state the change of variable in the double integral (5.12) as
follows: (i) define the inverse image of A by

h(A) = g(A) = {(g1(x.y), &(x.¥)) : (x,y) € A},

(i) calculate the Jacobian

le] lé]
L hi(u,v) £ hi(u,v)
Ip(u, v) = det | 9u ’ o ’ , 5.14
h(u; v) [%hg(u, v) %hz(u, v) ( )

(iii) finally, if it does not vanish for all x, y, then we can obtain

/f(x,y)dxdy:/ Al ), sl Ol )] vt (G5)
A g(A)

- A 5
,_/T 'I.r, 1F-:-“ /]g—a*

P {1 = hiw) ¥ \ 1 3wl dom 3



Transformation theorem of bivariate random variables.

Theorem

Suppose that (i) random variables X and Y has a joint density function
fx,v(x,y), (ii) a transformation (gi(x,y), &(x,y)) is differentiable, and
(iii) its inverse transformation (hy(u, v), ha(u, v)) satisfies (5.13). Then
the random variables U = g1(X,Y) and V = g»(X, Y) has the joint
density function

fu.v(u,v) = fx y(h(u,v), ha(u, v))|In(u, v)|. (5.16)

.Pwuimu 1%;,0% ! Y= 5()(] werk h= I"'
frep = hchan | W)

33



A sketch of proof.

% 1..:
Define A= {(x,y) : x <s, < t} and the image of A by the inverse
transformation (hy(x, y), ha(x, ¥)) by

h(A) = {(h(u, v), ho(u,v)) : (u,v) € A}

Then we can rewrite the joint distribution function Fy v for (U, V) by

applying the formula (5.15).
Fuv(s,t) = P((U, V) € A) = P((&(X, V), &2(X, Y)) € A)
= P((X,Y) € h(A)) ://h(A) fx,v(x,y) dx dy

- / el 7 o, ) e, ) el
g(h(A))

= g‘;(hl(u, v), ha(u, v)) |Jn(u, v)| dudv

They mutr bt efuc|
which is equal to [*__ [*_fy v(u, v) dudv; thus, we obtain (5.16).

34



b

d
Plasusb,esvsed) = g g £y turey dv due
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Exercises
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Problem

Verify the Cholesky decompositions by multiplying the matrices in each
of (5.2) and (5.3).
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Problem

Show that the right-hand side of (5.4) equals (5.1) by calculating

= Vs | o veesw b
24 Y b/\/a ac — b?)/a V(ac—b?)/a| |y

Similarly show that the right-hand side of (5.5) equals (5.1).

] |
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Problem

Show that (5.8) has the following decomposition

2
: X = pix — p(y — py) v =1, \?
» [2-ba]_ _ o :uy
Dot 3t 20 | yopy I Qay) = ( Ux\/ly—ip2 ) " ( ) (E1)

x—pux\2 (Y =ty — pZ(x — ) ?
(o x ©
Ox oy\/1— p?

by completing the following:

1. Show that (5.7) is equal to (5.8).
2. Find the Cholesky decompositions of ¥ 1.
3. Verify (E1) and (E2) by finding the Cholesky decompositions of ¥ ~1.
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| T 1 z 'r‘-‘l T 1 2] ol 1
' _ep |- (AT D = erpl=24t | eep gt
Fag) = — E,FPl- Qu;)l Pl e J,: Flz8"

XL, s, —D
4 0.y [ip2 2l

= o B il

Problem

Compute fx(x) by completing (i) and (ii). Then find fy x(y|x) given
X =x.

—
(i) Show that M bec;;;\ facyie Togia) b

L (x= 2 = fux
\/70)( _2( Ox ) e

o 2
/ exp Y =ty — pi(x — px) J
V2o «/1— o,/1—p2 é

{-Lx Sy =

w— "(\
1
- | (327"
5 fr:lrlda [ by O v
o 3
1 ) Elx=z)= p= Pyt P G )
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(i) Show that Y L p?

——

& 2
/ il —= y_My_PU_i(X_Nx) dy
\/27rfay\/1—p | Uy\/l;;f

e

L thu{jlz.)
Goad s o ke f"1,Kfa]x}. e ; i
£ )5/ Fan ) exp } [ e o
r (23] T2 fyun (%) < =Y s R
eyl = = T {2 ) b e
ey = [ o r{ s /%
— - —-. N ———
| &) amel Ci ) ellowy ze taniluole 4:
| Mlper®)

feea) = IIH by oy |
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Problem

Suppose that the joint density function f(x,y) of X and Y is given by

P w0 b=

F(x.y) 2 if0<x<y<1,
X, y) =
0 otherwise.

Find the covariance and the correlation of X and Y.

Find the conditional expectations E(X|Y = y) and E(Y|X = x).
Find the best linear predictor of Y in terms of X.

Find the best predictor of Y.
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Problem

Suppose that we have the random variables X and Y having the joint
density

C[Sx+y)  if0<x<land0<y<1;
f(x,y)

0 otherwise.

1. Find the covariance and correlation of X and Y.
2. Find the conditional expectation E(Y|X = x).
3. Find the best linear predictor of Y.
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Problem

Let X be the age of the pregnant woman, and let Y be the age of the
prospective father at a certain hospital. Suppose that the distribution
of X and Y can be approximated by a bivariate normal distribution
with parameters p, = 28, pu, =32, 0x =6, 0, =8 and p = 0.8.

1. Find the probability that the prospective father is over 30.

2. When the pregnant woman is 31 years old, what is the best guess of
the prospective father’s age?

3. When the pregnant woman is 31 years old, find the probability that
the prospective father is over 30.
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Problem ¥

Suppose that (Xi, X2) has a bivariate normal distribution with mean
2
. ) o OxO
vector p = Fx|" and covariance matrix £ = x P 57
Ly pPOxOy oy
Consider the linear transformation

Y1 = g1(X1,X2) = a1 Xq + by;
Yo = &(X1, X2) = axXo + by.

Then answer (a)—(c) in the following.

a4



1. Find the inverse transformation (hy(u, v), ha(u, v)), and compute
the Jacobian Jy(u, v).

(2) Find the joint density function fy, y,(u, v) for (Y1, Y2).

3. Conclude that the joint density function fy, y,(u, v) is the bivariate

b
normal density with mean vector p = A+ 51 and covariance
acfty + by
2
matrix X = (a10x) p(alax)(aga}/)
p(aiox)(az0y) (a20)

U\—h u—"l
thiuv‘)i'tm(hqm.r? M,(J.qu?) '40.; FM{( a ¢ )

by
= 6.l LA
o [0 P . A%l
=H1—-—Lrpfa7'_['u-|l.1f—‘;.,12‘[ l} wnal I‘L ‘J
XA rol = L L

LowlUeV)

e Yerlo =
Pu= ElV) o e /0 Eur‘.rcw Variv)

o= ELVD g = Ver(v)

45



Problem

Let X1 and X5 be iid standard normal random variables. Consider the
linear transformation

Y1 = g1(X1, Xo) = a11 X1 + a1 Xo + by;
Yo = &(X1, X2) = a1 X1 + anXo + b,

where aj1a22 — apaz # 0. Find the joint density function fy, v, (u, v)
for (Y1, Y2), and conclude that it is the bivariate normal density with
o2 paxayl

pPOxOy, o2

y

by . .
mean vector pu = b and covariance matrix X =
2

2 _ 2 27 2 2 2
where o}, = aj; + aip, 0y, = a3 + ax, and
. ai1dz1 + d12a22

\/(3%1 + 3%2)(351 + 352)
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Problem

Suppose that X and Y are independent random variables with

respective pdf's fx(x) and fy(y). Consider the transformation

U=gi(X,Y)=X+Y;
X

V=g(X.Y) = 3oy

Then answer (a)—(c) in the following. The density function (5.17) for V
is called the beta distribution with parameter (a1, az).
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1. Find the inverse transformation (h1(u, v), ha(u, v)), and compute
the Jacobian Jy(u, v). SRRy S

2. Find the joint density function fxy(x, y) for (X, Y).

3. Now let fx(x) and fy(y) be the gamma density functions with
respective parameters (a1, \) and (a2, A). Then show that
U = X + Y has the gamma distribution with parameter (o + oz, A)

X
and that V:X—i—Y

has the density function

F(al + Ckz)

= Syl el .
Far(az) &Y (5.17)

f\/(V) =
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Problem

Let X and Y be random variables. The joint density function of X and
Y is given by

xe—(xt) if0<xand0<y;
f(X7y) —

0 otherwise.

1. Are X and Y independent? Describe the marginal distributions for
X and Y with specific parameters.

2. Find the distribution for the random variable U = X + Y.
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Problem

Consider an investment for three years in which you plan to invest $500
in average at the beginning of every year. The fund yields the fixed
annual interest of 10%; thus, the fund invested at the beginning of the
first year yields 33.1% at the end of term (that is, at the end of the
third year), the fund of the second year yields 21%, and the fund of the
third year yields 10%. Then answer (a)—(c) in the following.
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1. How much do you expect to have in your investment account at the
end of term?

2. From your past spending behavior, you assume that the annual
investment you decide is independent every year, and that its
standard deviation is $200. (That is, the standard deviation for the
amount of money you invest each year is $200.) Find the standard
deviation for the total amount of money you have in the account at
the end of term.

3. Furthermore, suppose that your annual investment is normally
distributed. (That is, the amount of money you invest each year is
normally distributed.) Then what is the probability that you have
more than $2000 in the account at the end of term?
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Problem /.« for = ne ™ x70
¥
Let X be an exponential random variable with parameter A\. And define

Y =X"

where n is a positive integer.

lamns desribagEn ok O

1. Compute the pdf fy(y) for Y.
2. Find c so that

e A &
g w2
oL B rim)
= Tal
I 4
{ |
[
cXPe=x ifx>0;
f(x) = 0

v
is a pdf. Hint: You should know the name of the pdf f(x)
3. By using (b), find the expectation E[Y].

EIY)=Elx"] = g e
]

otherwise.

n! }!hl o n.l
—_— " 2 =
A S n' “
o

N _mme dtasy
1
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.l_ne'xua,f-ﬂxr 30 = e

[ ! x
T [ Lyl z |
Problem |4r/ b S J/ Lo o2
Let X and Y be independent normal random variables with mean zero
and the respective variances o2 and 0}2,. Then consider the change of

variables via hegt e
- 3 X = A L.,rJ -
Tl (8 4drx| U =apnX+apY - FILAY L
i Iy (5.18) \
Lv Lrw.f:j:,LTa VvV 2321X+322Y - E‘H”Y) |

where D = aj1ay — aipaz # 0. (i) Find the variances o2 and o for U [
. o ; . /
and V/, respectively. (ii) Find the inverse transformation

!
(h1(u, v), ho(u, v)) so that X and Y can be expressed in terms of U~/
and V by /—/
X =m(U,V), &

/

{Y = ho(U, V).
And (iii) compute the Jacobian Jy(u,v). Then continue to answer
(a)—(d) in the following. Y det AT e consran
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B | 1 - [
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. Find p so that the joint density function fy v(u, v) of U and V can
be expressed as

1 1
fU7\/(U, V) = —1_p2 exp <—2Q(U, V)) o

2mo,0y

. Express Q(u, v) by using o, o,, and p to conclude that the joint
density is the bivariate normal density with parameters p, = u, =0,
Ou, Oy, and p.

. Let X’ =X + py and Y/ = Y + p1,. Then consider the change of
variables via

etk

v P
T‘_f«bwh P U

e

Uttupmctnpy = U = apn X' +apY’ - GuX <Y t Ry e+ by

J-rd’:.[-n«‘ﬂqu\ V = ‘921X + 322Y = dz,)( tAu Y t Aupa * faapg

Express U’ and V" in terms of U and V, and descrlbe the joint
distribution for U’ and V’/ with specific parameters.

. Now suppose that X and Y are independent normal random
variables with the respective parameters (ix,02) and (p,,02). Then
what is the joint distribution for U and V given by (5.18)7
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Problem |5

Suppose that a real valued data X is transmitted though a noisy
channel from location A to location B, and that the value U received at
location B is given by U = X 4+ Y, where Y is a normal random
variable with mean zero and variance 0}2,. Furthermore, we assume that
X is normally distributed with mean p and variance aﬁ, and is
independent of Y.

1. Find the expectation E[U] and the variance Var(U) of the received
value U at location B.

2. Describe the joint distribution for X and U with specific parameters.

3. Provided that U = t is observed at location B, find the best
predictor g(t) of X.

4. Suppose that we have uy =1, ox =1 and 0, = 0.5. When U =1.3
was observed, find the best predictor of X given U = 1.3.
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— ok 15 g iy Bablem
To complete Problem 15, you may use the following theorem:
Linear transformation theorem of bivariate normal random

variables. Let X and Y be independent normal random variables
with the respective parameters (jix,0%) and (py,0;). Then if
aj1axy — apan # 0, then the random variables

U=auX+apY
V2321X+822Y

has the bivariate normal distribution with parameter p, =
_ 2 _ 2 2 2 2
afx + Ay, Ky = aapx + anpy, 0, = aj0y + apo,,

2 = 23,02 + 23,02, and

Uy S v

2 2
31132105 + 3123220,

p= :
V(3402 + 22,02)(,02 + 3,07)




Optional problems
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Objective of assignment.

A sequence of values, Xi,...,X,, are governed by the discrete dynamical
system
Xe=akXe_1+ Bk, k=1,...,n, (5.19)

where ay's are known constants, and By's are independent and normally
distributed random variables with mean 0 and variance Q. It is assumed
that initially the random variable Xj is normally distributed with mean X
and variance Py. Otherwise, the information about the value Xy of
interest is obtained by observing

Zy = X + Wy, k=1,...,n, (520)
where hy's are known constants, and W's are independent and normally

distributed random variables with mean 0 and variance R.
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Objective of assighment, continued.

The data Zx = zx, k=1, ..., n, are collected sequentially. By
completing Problem 16 and 17 you will find an “algorithm” to recursively
compute the “best” estimate X1, ..., X, for the sequence of unobserved
values, Xi,..., X,.
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Problem

The density function

1 1
fyi,)0) = —————F—=exp | —=Q()1, )
(r1,¥2) roroa/l - 0 2 p ( ) (y1,¥2)

with the quadratic form

Qy1,y2)
1 ()’1#1)2+ (}/2M2>22 (1 — pa)(y2 — p2)
B ].—p2 g1 g2 P g102

gives a bivariate normal distribution for a pair (Y1, Y2) of random

variables. Then answer (a)—(c) in the following.
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1. The marginal distribution for Y, has the normal density function

1 1/ yo— o\’
f(y2) = 727“7 exp {_2 (YZ U2N2> }
vV 2

Find the expectation E[Y>] and the variance Var(Y2) for Y.

2. Find fi(y1l|y2) satisfying

f(y1,y2) = A(ynly2)f(y2)

The function f1(y1|y2) of yi is called a conditional density function
given Y2 = y».

3. Argue that f1(y1]y2) is a normal density function of y; given a fixed
value y», and find the expectation E(Y7|Y> = y») and the variance
Var(Ya| Y2 = y») given Yo = y,.
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Remark on Problem 16.

Note that the parameters 02, 03, and p must satisfy 02 > 0, 03 > 0, and
—1 < p < 1. It is determined by the 2-by-2 symmetric matrix and the

-

mean column vectors

E[v]
E[Y2]

Var(Y1)  Cov(Yz, Y1)
COV(Yl, Yg) Var( Yg)

:l of p0102] and

2
pPoO102 (o)

The quadratic form Q(y1, y2) has the following decomposition

02

(i m = pZ (2 — pe) ’ vo— 2\’
Q(ym)@)—( /L2 ) —i—( )
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Problem

Suppose that the variable Xy_1 has a normal distribution with mean
Rk—1 and variance Py_y at the (k — 1)-th iteration of algorithm. In
order to complete this problem you may use “linear transformation
theorem of bivariate normal random variables” in Problem 15. Answer
(a)—(e) in the following
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. Argue that Xy has a normal distribution, and find X, = E[X,] and
:5;( = Var(Xk).

. Find the joint density function for (X, Zx) in terms of Xx, Py, hk
and R.

HINT: Let U = X = Xk, V = Zk, and Y = W, and apply the linear
transformation theorem with a;; = a»» = 1, a;p = 0, and ay; = hy.
. Find the “best” estimate Xx = E(Xx|Zx = z«) and the variance

Py = Var(Xk|Zx = z) in terms of Xk, Py, hx and R.

. Argue that X has a normal distribution with mean X, and variance
P.

. Continue from (c). Find the formula Kj in order to express

X = X + Kk(Zk = hk)_q().
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Concluding remark.

The formula Kj in Problem 17(e) is called the Kalman gain. Then the
“best” estimate Xx and the variance Py are recursively used and the
computation procedure of Problem 17(a) and (c) is applied repeatedly.
The resulting sequence Xy, ..., X, is the “best” estimate for Xy, ..., X,.
This iterative procedure became known as the discrete Kalman filter
algorithm.
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Answers to exercises
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Problem 1 and 2.

Discussion in class should be sufficient in order to answer all the
questions.
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Problem 3 and 4.

The following decompositions of X! are sufficient in order to answer all
the questions.

y
2
_ 1 o —poxTy
252 _ 2 2
ngy(l P ) —POxOy Ox
- 0 L
_ ox/1-p? ox\/1—p? oyy/1—p?
__p 1 0 1
L oy/1-p* 97| y
(L ___ p 1 0
I ox\/1—p? ox
- 1 Y S —
i oy\/1-p% | ox\/1=p%>  oy\/1—p?
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Problem 5.

1. Cov(X,Y) = E[XY]— E[X]E[Y] = (1/4) — (1/3)(2/3) = 1/36,
and p = (1/36)/+/(1/18)2 = 1/2.

2. Since f(x]y) =1 S for0<x<yandf(y|lx) = ;= forx <y <1,
we obtain E(X|Y y) =% and E(Y|X —x) %

3. The best linear predictor g(X) of Y is given by
g(X) = py + pZ(X — pe) = 3X + 3.

4. Then best predictor of Y is E(Y|X) = ££L. [This is the same as
(c). Why?]
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Problem 6.

1. Cov(X,Y) = E[XY]— E[X]E[Y] = 17/42 — (9/14)? = —5/588 and
—5/588

2. E(Y|X =x) = 4(%%

3. The best linear predictor g(X) of Y is given by

g(X) = _12T59X + %.
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Problem 7.

1. P(Y >30)=P (52 >-1) =1- 9(-0.25) ~ 0.60.

2. E(Y | X =31)=(32)+(0.8) (&) (31 —28) =35.2

3. Since the conditional density fy|x(y | x) has the normal density with
mean u = 35.2 and variance 02 = (8)?(1 — (0.8)?) = 23.04, we can
obtain

Y —35.2

> 1. —
18 > 108’X 31)

P(Y230|X:31)wP<

—=1—®(—1.08) ~ 0.86
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Problem 8.

_b _
1. h(u,v) = 75 and ho(u,v) = Y b2. Thus,
ai ap
1
- 0 1
Jn(u,v) =det |20 || = —
0 a—2 didar
u—>b v—>b 1
2 i V) = ( a | a > Nawa|

1 < 1
exp [ —= Q(u, v)> where Q(u, v) =
2n(|ar]ox)(|a2loy) /1 = p? 2
2 2
—(autb —(a2u1y +bo —(aupuntb1)) (v (3211 + b2
w () () -oeteeiag e

3. From (b), fv,.v,(u, v) is a bivariate normal distribution with
parameter p, = aifix + b1, v = aspsy, + bo, 0y = |ai|ox,
o, = |a2|oy, and p if aja, > 0 (or, —p if a1a, < 0).
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Problem 9.

(i) h(u, v) = az(u — by) — ana(v — b2)

and
d11d22 — d12a21
ho(u,v) = —ao1(u — by) + an(v — by) Thus
’ d11d22 — d12a21 ' '
Jh(ua V) =

a11d22 — d124a21

1 1
ii) Note that fx, x,(x,y) = — exp [ —=(x*> + y?) ]. Then we obtain
1,712 2 2
m

1

a11d22 — d124a21

1 1
— exp | —=Q(u,v) |,
27T|311822 = 312321| P ( 2 ( )>

where Q(u, v) =

[(u —b) (v b2)} [

thyz(u? V) = thXz(hl(u? V)7 hZ(Ua V)) :

-1
2 2
a +ap ajiap + apaxn u— by
2 2 -
ai1do1 + a12a2 as + ax v — b
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(iii) By comparing fy, v, (u, v) with a bivariate normal density, we can
find that fy, y,(u, v) is a bivariate normal distribution with parameter

_ _ 2 _ 2 2 2 2 2
Hu = b1, py = bo, 0, = a1y + a1y, 0y = a3 + a3, and
aiiazi + aipax

p= :
V(@3 + a%,)(a3, + a3,)
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Problem 10.

1. hi(u,v) = uv and hy(u,v) = u— uv. Thus,
v u
Ip(u, v) = det R
2. fxy(x,y) = &x(x)fv (y)-
3. We can obtain

fuv(u,v) =| —u| x fx(uv) x fy(u— uv)
1 1
=ux Nore= M) ()=l = yag=Au—w)(y )
= fu(u)fv(v)
1
h fi — —Aa1+a2 —Au,,a1taz—1 d
where fy(u) o1 + ) e u an
_Maat+a2) 44

fv(v) = oy (a2) (1 —v)*2~1 Thus, fy(u) has a gamma

distribution with parameter (a1 + a, ), and fy(v) has a beta
distribution with parameter (a1, az).
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Problem 11.

1. Observe that f(x,y) = (xe™*) - (e™¥) and that xe™>, x > 0, is the
gamma density with parameter (2,1) and e, y > 0, is the
exponential density with A = 1. Thus, we can obtain

fx(x) = /0 f(x,y)dy = xe"‘/0 eYdy=xe*, x>0

fy(y):/0 f(x,y)dx:e_y/0 xe Xdx=e7, y>0.

Since f(x,y) = fx(x)fy(y), X and Y are independent.

2. Notice that the exponential density fy(y) with A = 1 can be seen as
the gamma distribution with (1,1). Since the sum of independent
gamma random variables has again a gamma distribution, U has the
gamma distribution with (3,1).
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Problem 12.

Let X; be the amount of money you invest in the first year, let X, be the
amount in the second year, and let X, be the amount in the third year.
Then the total amount of money you have at the end of term, say Y,

becomes
Y =1.331X; +1.21X +1.1X5.

1. E(1.331X + 1.21%, + 1.1X3) =
1.331E(X) + 1.21E(Xz) + 1.1E(X3) = 3.641 x 500 = 1820.5.

2. Var(1.331X; + 1.21X, + 1.1X3) = (1.331)2Var(X;) +
(1.21)2Var(Xz) + (1.1)*Var(X3) = 4.446 x 200% ~ 177800. Thus,
the standard deviation is \/Var(Y) ~ /177800 ~ 421.7.

Y —1820.5 _ 2000 — 1820.5) -

. > = >
3. (¥ = 2000) P( 217 ~ 417

1 — ®(0.43) ~ 0.334.
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Problem 13.

1. By using the change-of-variable formula with g(x) = x", we can
. _ _ 1 _(n=1
obtain fy(y) = (g (1) | Z& ()] = fx(y?) - by~ () =
n—1 1
2y R ep (<ayi), y 20
2. Since the pdf f(x) is of the form of gamma density with (n+ 1, ),

we must have f(x) = )\n—ﬂx"e_)‘x, x > 0. Therefore,
Mn+1)
An+1 An+1
c= D) (= 2., since n is an integer).
3. Since f(x) in (b) is a pdf, we have
S f(x)dx = ;7 r(’\n"—fl) x"e~* dx = 1. Thus, we can obtain
E[Y] = E[X"] = [7°x" (xe™™) dx = ") (= 2 since n is an
integer).
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Problem 14.

(i) 02 = Var(U) = a3,02 + a3,0; and o2 = Var(V) = a3,02 + a3,02.
(II) h]_(u, V) = %(azzu = 312V) and hz(u, V) = %(—aglu + 311V).

(iii) We have Jy(u,v) = 5.
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1 p= 3113210§+2123220§
V(@02 +a2,02) (a3 02 +a3,02)

2. Q(u, v) can be expressed as

1 u 2 v 2 uv
=125 () + () ~2

Thus, the joint density function fy v(u, v) is the bivariate normal

density with parameters p, = p, = 0 together with o, o,, p as
calculated in (a) and (c).

3. U = U+ anpx+ aopy, and V' = V + axi i + anpy. Then U’ and
V' has the bivariate normal density with parameters
My = a11fix + a12fby, [y = a21lix + axfty, 04, 0y, and p.

4. (U, V) has a bivariate normal distribution with parameter

_ _ 2 _ 2 2 2 2
Huy = a11fix + aafhy, py = @21fix + anply, 0, = a710x + a0y,
2 2
a11a210,+a123220
02 = a3,0% + 3520}2,, and p = L

\/(afloera%Zo—;)(351034»3%205) '
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Problem 15.

1. E[U] = E[X]+ E[Y] = 1 and
Var(U) = Var(X) + Var(Y) = 0% + o7.
2. By using linear transformation theorem, we can find that X and

U have the bivariate normal distribution with means p, = p and
2 Ox

ftu = p, variances oz = o2 and 02 = 02 4+ 02, and p = ———.
\Jo2+ o2

2
Ox

o2+ 02

Ox
3. EX|U=t)=petp—(t—pu) =p+ (t—n).

e 1) e
4anu_1$_1+a?:ﬁﬁvu3 1) =1.24.
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