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In statistics, a random sample is a collection of independent and J
identically distributed (iid) random variables, and a sampling distribution

is the distribution of a function of random sample. For example, the
average and the variance formula are functions of random sample. The
term “statistic” is referred to an individual function of a random sample,
and the understanding of sampling distributions is the major undertaking

of statistics.



Moment generating function.

Let X be a random variable. The moment generating function (mgf) of

X is given by .
M(t) = E [etx] = ( B*z -Fk(;;dx.
A

-

The mgf M(t) is a function of t defined on some open interval (¢, ¢1)
around 0 with ¢y < 0 < ¢. In particular when X is a continuous random
variable having the pdf f(x), the mgf M(t) can be expressed as

o0 L]
M(t) = / etxf(x) dx. e “zip”?‘ S e:“;tnofz
e M&F I'-JF‘(,‘ Trmuforna

The most significant property of moment generating function is that theJ‘m
~T* e

moment generating function uniquely determirjes the distribution.
OWe - Ta- oHE ‘Fl'-"J

FHIJ



MGF of normal distribution.

-2z

/y &m?=-{—;:;€

Suppose that X is a standard normal random variable. Then we can
compute the mgf of X as f0”0W},..-iu-ux)=' {g:tt_d }

a-ap®

ELeT- / e e T dx= —— / ~hee0t g
«/_ Vr

7(x—t)2 t2 :
= e > e dx = exp 5 e .-ir:-‘z'mEL
oo oz
SW T"'”{F":) d{hl‘: e WCET) /

Since X = (Y — p)/o becomes a standard normal random variable and

T

Y = oX + p, the mgf of Y can be given by

o?t?
My (t) = e”th(G't) = exp <T + Mt)

Ele®] = e E[2“" ] = g 1t, p 4172
for —oco < t < .



MGF of gamma distribution.

o=t -—v"‘.

/ ’5:(2)";; e zz°
Suppose now that X is a gamma random variable with parameter (a, N).
Then the mgf Mx(t) of X can be computed as follows.

oo )\a )\a [ee]
Elet¥] = Mx(t :/ e™ — _x®lemMdx = —/ x@le=(A=0x gy
“1 M= | /(@) o

- G Qe 0 e

et ?
where (A — t)x is substituted by u, and (A — t)dx by du. It should be

noted that this mgf Mx(t) is defined on the open interval (—oo, A).



Joint moment generating function.

Mte) = gLe**]

Let X and Y be random variables having a joint density function f(x,y).
Then we ¢an define the joint moment generating function M(s, t) of X
and Y by

oo oo
M(s,t) = E [e*F] = / / e~ Y f(x,y)dxdy.
— 00 —0o0
If X and Y are independent, then the joint mgf M(s, t) becomes
M(s,t) = E [ = E [eX] - E [e"] = Mx(s) - My (2).

Moreover, it has been known that "“if the joint mgf M(s,t) of X and Y is
of the form My (s) - Ma(t), then X and Y are independent and have the
respective mgf M (s) and M(t)."




Sum of independent random variables.

Let X and Y be independent random variables having the respective
probability density functions fx(x) and fy(y). Then the cumulative
distribution function Fz(z) of the random variable {Z =X+ Y can be

given as follows. hat b X = X
= I bz, P a(;da
c fe: 7ey 221 00 z—x
Fz(z)=P(X+Y <z)= / [/ fx (x)fy (y) dy} i
oo | —co o

fx(x)Fy(z — x) dx,

/°° oﬁ"”j hndy

g —
_ Qi —o0 Fa-2) = P({ < 22)
where Fy is the cdf of Y. By differentiating Fz(z), we can obtain the
pdf fz(z) of Z as ,f.,_ g bxx) Fytz-2) dz
d o0
folz) = < Fale) = / fr (%) < 9 F(z- x)) dx

_ /OO F(X)frlz = x)dx. = foo £

— 00



Convolution.

Mz = E[eﬂ} = fLe™ ] =E[e™ e™] = E[e™] e = Mae )

The function of z

o0

(Fr)e) = [ Felz—x)

— 00

is called the convolution of f and g. Thus, the pdf fz(z) for Z=X+Y
is given by the convolution of the pdf's fx(x) and fy(y). Then we can
easily verify Ele*?) re“ﬂm dz

-0

me(e) = | e [ /m dx} dz = Mx(t)My (1)

~pe
Therefore, as we will see in the examples below, the construction of
moment generating function is much easier in order to “find the
distribution of the sum of independent random variables.”

fu!i [g e = {YW .t?dejofx. = M,(mg “ Lxiolm
L dn

# i
——
——————
HY!-‘ ) Myl £ 7



Example

Let X and Y be independent normal random variables with the
respective parameters (fix, 02) and (uy,07). Find the distribution for
Z=X+Y.



Example

Let X and Y be independent normal random variables with the
respective parameters (fix, 02) and (uy,07). Find the distribution for
Z=X+Y.

We can calculate

0'2t2 02t2
Mz(t) = Mx(t) - My (t) = exp (X2 +,M> - exp y2 e

UZ

(”T__z‘) 2 K
ol + o)t ——— foptat \ -
= exp <X o +(ux+uy)t> - or( T« e ) et b
£ porveal| divr

which is the mgf of normal distribution with parameter
(1x + py, 02 + 02). Thus, we find that Z is a normal random variable
with parameter (p, + puy, 0% + 07).



Example

Let X and Y be independent gamma random variables with the
respective parameters (a1, A) and (ag, A). Find the distribution for
Z=X+Y.



Example

Let X and Y be independent gamma random variables with the
respective parameters (a1, A) and (ag, A). Find the distribution for
Z=X+Y.

We can calculate

i - (2 () ()

which is the mgf of gamma distribution with parameter (o + ag, A).
Thus, Z is a gamma random variable with parameter (a3 + o, A).




Chi-square distribution.

Gawme wok ot W)

a ol _—Am
= e 27 P
fao riet) d

The gamma distribution

1
_ L on2-1,x/2
f(X)_2"/2I'(n/2)X e x>0
with parameter (n/2,1/2) is called the chi-square distribution with n
degrees of freedom (df). Since it has only one parameter n, the mgf

M(t) of chi-square distribution can be simply expressed as

n/2
Mo = (%) —a-2

10



Chi-square distribution of one degree of freedom.

T _
/ ¢f2"§%_;e. PN a3 So=1
Let X be a standard normal random variable, and let ‘&L
g0 & ¢
pry ex)  P(IXI<) Y =X? ol
P

be the square|of X. Then we can express the cdf Fy of Y as
Fy(t) = P(X2<t) = P(—V/t < X < /t) = ®(/t) — ®(—/t) in terms
of the standard normal cdf ®. By differentiating the cdf, we can obtain

the pdf fy as follows. 4 &) = 147 p(F); glec@=-ie pece)

d 1 . 1
fy(t) = EFY(t) = tie b= _t71/2,-t/2

V2r 21/21(1/2)

where we use [(1/2) = /7. Thus, the square X? of X is the chi-square
random variable with 1 degree of freedom.

11



Chi-square distribution with n df.

Let X1, ..., X, be iid standard normal random variables. Since X?'s have
the gamma distribution with parameter (1/2,1/2), the sum | )
Lpomns vt (£,4) = el
n ——
Vo3 RE e Kre e ot
] 123 et = e 3
Nt el = Bimmin ok (£ L)

has the gamma distribution with parameter (n/2,1/2). That is, the sum
Y has the chi-square distribution with n degree of freedom.

12



Student’s t-distribution.

Let@be a chi-square random variable with n degrees of freedom, and let
R i )

@be a standard normal random variable. Suppose that X and Y are

independent. Then the distribution of the quotient

is called the Student’s t-distribution with n degrees of freedom. The pdf
fz(z) is given by

M((n+1)/2)
VT (n/2)

fz(z) = (14 22/n)~ (12 _o0 < 72 < 0.

13



Let U and V be independent chi-square random variables with r; and r
degrees of freedom, respectively. Then the distribution of the quotient

U/r1
Z =

V/I‘z
is called the F-distribution with (r1, r,) degree of freedom. The pdf fz(z)
is given by

[((n+r2)/2) 2t (14 0,)

f7(z) = =220 (I )1 /220271 (1 4 g , 0<z<o0.
)= /o) " z

14



Quotient of two random variables.

Let X and Y be independent random variables having the respective
pdf's fx(x) and fy(y). Then the cdf Fz(z) of the quotient ,
F‘-(‘]s g -F‘r{n}l‘“
Z=Y/X “t

= = D
can be computed as follows. / Px=s)

P(z<2)
Fr(z) = P(Y/X < 2) = P(Y > 2X, X < 0) + P(Y < zX, X > 0)

:/[g fy(y)dy} fx(x) dx + U_@:fY(y)dy] fie(x) dx

—

- Fytz
By differentiating, we obtam “ Fyize)
d 0 [}
fz(z) = EFz(Z) 2//- [—xfy (xz)]fx(x) dx + / [xfy (x2)]fx(x) dx
—og e 0 B

= /oo [x|fy (xz)fx (x) dx.

— 00

15



g - ;Ez,xﬂa = dzg) i uz 2z, 220}

ki
C) /T Y iy 9LEn, azel
\\ Assane 2 > 0
Li‘for.:. = 4 v B

1% /
\ =
NN
NYANG
NN
N
@ Fatz) - go{l-ﬁ,uz;) fnda + g:eﬁrrze)ﬁma’;
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e e e
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Derivation of t-distribution.

pixsnt)® Faln2®)

Let X be a chi-square random variable with n degrees of freedom. Then
the pdf of the random variable U = /X /n is given by

d _d _d 5
dIP(U\zJ = fu(X)—&P(\/X/ngX)—&FX(nX)

Frtzd nn/2

_ 2\ n—1 —nx2/2
= 2anX(nX ) = mx

for t > 0; otherwise, fy(t) = 0.

16



Derivation of t-distribution, continued.

Suppose that Y is a standard normal random variable and independent of

X. Then the quotient
Y

X/n

has a t-distribution with n degrees of freedom. The pdf fz(z) can be

/ =

=_I—
v

s

computed as follows.

> nn/2 > n —(22+n)x?/2
/ 1F (@) () ¢ = 7= /O o dx

—3 t

= (14 22/n) D)2 / h O iy
0

Vnl(n/2) we 2yt
M((n+1)/2) 2/ \—(n+1

SN/ YO =k o
\/ﬁr(n/2) ( z /n) !'W?’S et a= el

]

for —oco < z < .

17



Derivation of F-distribution.

Let U and V be independent chi-square random variables with r; and r
degrees of freedom, respectively. Then the quotient
7 — U/r1
V/I’2
has F-distribution with (ri, r2) degree of freedom. By putting Y = U/n

and X = V/r, we can compute the pdf fz(z) as follows.

/oo | |f‘ ( )f ( T “f"alsn 4u{n}] y l-_xf;;= I‘-;_lv(l‘":.?-)
x|ty (xz)fx(x) dx
r’1/2rl‘2/2 -
= 1 2 zf1/2—1 X(r1+r2)/2_1e_(rlz+r2)x/2 e
2(r1+rz)/2r(r1/2)r(r2/2) 0 L—:'___J
g (ntm)/2 /21 [ )21
T T(n/2)(rn/2) (I’12 + r2)_ n+r)/2 zrn/2= tlntr)/2=1,=t 4
F(n/2) (2/2) O
r’(!'.‘;_'[‘)
r((rl + I’2)/2)

—(n+r2)/2
> , 0< z < o0.

_ /s \1/2 50 /2=1 ﬂz
= T/ (ry2) ™) (” P

18



Population and random sample.

- KTt An
X = ____'1___ ‘\ [T AN

N
$°= n-=

The data values recorded xi, ..., x, are typically considered as the
observed values of iid random variables X, ..., X, having a common
probability distribution f(x). Specifically we may assume that f(x) is a
normal distribution with parameter (11, 2). In a typical statistical
problem it is useful to envisage a population from which the sample

should be drawn. A random sample is chosen at random from the
population, ensuring that the sample is representative of the population.

EIK,.“:\ =M

Vor(K )= 0%

19



Sample mean.

Let X1, ..., X, be iid normal random variables with parameter (u, o).
The function of random sample

= ].n Kt~ < Fn *
F e Bty

is called the sample mean. Then we obtain

2

E[X] = p and Var(X) = .
AT n

(NS i

Furthermore, X has the normal distribution with parameter (1, a2 /n).
E(x)- SElZ %) =g ZE) =7 (p) = K
- 2 2 4 2 *
Vir (77 = (;‘l) Vsr(éﬁ’ﬁ.‘) = (;})1 ‘E Ver(#;) = (f] (nr?) = %

20



Sample variance.

. O TS P
The function of random sample ot

e
—_—
¥ -j X

(n—

sz ! > (X = X)?
i=1 M’y nat J'J nT

is called the sample variance. The sample variance S? can be rewritten as

= nil (Zx,?_nX?) = nil (Z(X;—u)z—n()_(—uf).

=il i=1
Wi 7
In particular, we can obtain

E[57] = — (Z EI(X; — p)?] - ngggﬂ)2])

i=1

. , \thx,-‘.lmp _fEIFl=|»l
=7 (Zvﬂé) — nVar(X) | = o
i=1 r* U'?n

Elafot]- 5 erss - 2ot e o i
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We dyntt prove ot

Theorem 3 /
W

X has the normal distribution with parameter (u,0?/n), and X and S?
—_— R T
MW. Furthermore,

22



Rough explanation of Theorem 3.

Assuming that X and S? are independent (which is not so easy to prove),

we can show that the random variable W, _; has the chi-square
distribution with (n — 1) degrees of freedom. By introducing

&: L3 (X — /J,ﬂ and (W = (X — ,u)2| we can write

V =W,_1+ Wj. Since W,_; and W, are independent, the mgf My (t)
of V can be expressed as @w 3

-

Ele* e ] = ELe*V]= My/(t) = Mw,_, (t) X M, (t),= Efe*™™=)«ETes™]
B S 7

where My, _,(t) and My, (t) are the mgf's of W,_1 and Wj,
respectively. Observe that W, has the chi-square distribution with 1

degrees of freedom. Thus, we can obtain A ol mdf
MV t) f(1—2ti_"/2i _
M, t) 1—2¢)~ (=172

@) = Sz ) 2

Yiwt Lol b
which is the mgf of the chi-square distribution with (n — 1) degrees of

freedom.

23
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t-statistic.

Assuming iid normal random variables Xi, ..., X, with parameter (i, 02),

we can construct a standard normal random variable |Z; =
chi-square random variable W,,_; of Theorem 3. Furthermore, the
function of random sample %

;e
X—p (;(/f) & e
S/\/_ \/(n 1)52/0'2 \/W,, no——8"

T= faad

has the t-distribution with (n — 1) degrees of freedom, and it is called
t-statistic. The statistic S = v/ 52 is called the sample standard deviation.

24



Sampling distributions under normal assumption.

1. The sample mean X is normally distributed with parameter

2 -u
(p,0%/n), and o Eﬁ

X —
= M ~ N(0,1)
2. The statistic

n—1)8?
n— 0_2 Z(X X ( ) ~ X121—1

has a chi-square distribution with (n — 1) df, and independent of X
(Theorem 3).

3. The t-statistic has t-distribution with (n — 1) df

X—n M A ,
S/v/n \/(n 1)52/02 T W -1
n—1

25



Critical points.

Given a random variable X, the critical point for level « is defined as the
value ¢ satisfying P(X > ¢) = a.

1. Suppose that a random variable X has the chi-square distribution
with n degrees of freedom. Then the critical point of chi-square
distribution, denoted by Xq,n. is defined by

P(X > Xa.n) = c.

2. Suppose that a random variable Z has the t-distribution with m
degrees of freedom. Then the critical point is defined as the value
to,m satisfying

P(Z > tom) = a.

26



cal points, continued.

Suppose that a random variable Z has the t-distribution with m degrees
of freedom. Since the t-distribution is symmetric, the critical point ty,m
can be equivalently given by

IPZ < =gy )l = @
Together we can obtain the expression
P(_ta/Z,m S V4 S ta/Z,m)

-4 1-P(Z < —tappm) = P(Z> tapom) =1-c

—— diz
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Let Xi,..., X, be independent and identically distributed random

variables (iid random variables) with the common cdf F(x) and the pdf
f(x). Then we can define the random variable]ﬁﬁ%im of
the minimum of X1,...,X,. To find the distribution of V/, consider the

survival function P(V > x) of V and calculate as follows.
I=P(pge) =1~ Fin)

P(V >x)=P(X1>x,..., Xy > x)
= P(Xy > x) % - x P(Xp > x) = [1 — F(x)]".
Emdb:)t..rw 7*!‘ i$ A subrer of VL
where K dbow 2+ X6 IR i3 g tiam

P(Z'X\"t}n{)‘nt}n---n {X.JZ})
A A ‘F;—n’ o U

A Av
\ 1 /
@ ——> Plmn-ahn) = PLAI* 2 P(An)
28



Extrema, continued.

|- P (A= PAS
pLV <)

Since Fy(x) =1 — P(V > x), we obtain the cdf Fy(x) and the pdf
fv(x) of V .
Fu)=1—[L— F(x)]"  geFoor st ( toi~fonr
"~
and d
fv(x) = EF\/(X) = nf(x)[1 = F(x)]" L.
In particular, if Xy, ..., X, be independent exponential random variables

with the common parameter A, then the minimum min(Xy, ..., X;) has

the density (n)\)e_(’”‘)x which is again the exponential density function
with parameter (n}).

r(ll . VRLL
e (e @8
|—Fexi = ATHS

29



Order statistics.

fin

/SN,

Let Xi,..., X, be iid random variables with the common cdf F(x) and
the pdf f(x). When we sort Xi,..., X, as

i 1%, Xa} =X(1) < X(z) <0< X(,,),

the random variable Xy is called tmw_(k.ra Snellert vefue ).

Theorem

The pdf of the k-th order statistic X(y) is given by

|

fk(X) = mf(x)Fk_l(X)[l _ F(X)]n_k. (6.1)
= (&4:1,(“-&)[?&:]#" Ly [1- Q:,]n—h (-Mnma.! (A}G”l‘ue,w‘.
T;HE 3:@:;2/_-1:11__‘ a1 e k—) "IL;O

¥, o Koy P00 Mpary Atn)
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Proof of theorem: Infinitesimal probability.

If f is continuous at x and d > 0 is small, then the probability that a
random variable X falls into the small interval [x, x + ] is approximated
by 6f(x). In differential notation, we can write

P(x < X < x4+ dx) = f(x)dx.

Now consider the k-th order statistic X(,) and the event that

x < Xy < x +dx. This event occurs when (k — 1) of X;'s are less than
x and (n— k) of Xj's are greater than x =~ x + dx. Since there are

(,(71 1 nik) arrangements for X;'s, we can obtain the probability of this
event as

Plectoreese)= Fi(x)dx = k)J(F(X))k_l(f(x)

B

which implies (6.1). b
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Beta distribution.

)
Fou=1 ik peze) |
)] ikxcoO
Fo = 11 hegxel po=
]
1 bk x=1

When Xi, ..., X, be iid uniform random variables on [0, 1], the pdf of the
k-th order statistic X(x) becomes

n!
fr(x) = 77— ——x*H(1=x)""%, 0<x<1
K) = g e X7 0sxsl
which is known as the beta distribution with pajameters a = k and
ﬂ =n— k + 1 i
brr = ((axB) 1,{.. G- x)‘a’l , pSx £

) reg)
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Exercises

33



Problem

Consider a sample X1, ..., X, of normally distributed random variables
with variance 0? = 5. Suppose that n = 31.

1. What is the value of ¢ for which P(S* < ¢) = 0.90?
2. What is the value of ¢ for which P(5? < c¢) = 0.957

34



Problem

Consider a sample X1, ..., X, of normally distributed random variables
with mean . Suppose that n = 16.

1. What is the value of ¢ for which P(|4(X — 11)/S| < ¢) = 0.957

2. What is the value of ¢ for which P(|4(X — u)/S| < ¢) =0.997

35



Problem

Suppose that Xi, ..., Xy are iid normal random variables with

parameters pn = 0 and o2 > 0.

1.
2.

Let Z = X1 + X5 + X3 + X4. Then what is the distribution for Z ?
Let W = X2 + X2+ XZ + X3 + XZ + X,. Then what is the

. 1%
distribution for — ?
g

Z/2

Describe the distribution for the random variable

E

Find the value c for which P (Z < c) = 0.95.
v W
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Problem

Suppose that system’s components are connected in series and have
lifetimes that are independent exponential random variables X1, ..., X,

with respective parameters A1, ..., \,.

1. Let V be the lifetime of the system. Show that
V = min(Xy,...,X,).

2. Show that the random variable V is exponentially distributed with
parameter Y | \;.

37



Problem &

Each component A; of the following system has lifetime that is iid

exponential random variable X; with parameter \.
Yor rmin Oa 8 ) = z
Ay Ay
NV
‘f’l‘ A
A Ay
wik e, b, 0 =3

As Ag

-

1. Let V be the lifetime of the system. Show that
V' = max(min(X1, X2), min(X3, Xs), min(Xs, Xs)).= Yz

2. Find the cdf and the pdf of the random variable V.

38



Problem

A card contains n chips and has an error-correcting mechanism such
that the card still functions if a single chip fails but does not function if
two or more chips fail. If each chip has an independent and
exponentially distributed lifetime with parameter X\, find the pdf of the
card’s lifetime.

DB g o

X X2 72 A

Lo r 4 F

o @ — o Kt )
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Problem

Suppose that a queue has n servers and that the length of time to
complete a job is an exponential random variable. If a job is at the top
of the queue and will be handled by the next available server, what is
the distribution of the waiting time until service? What is the
distribution of the waiting time until service of the next job in the
queue?

40



Optional problems
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Joint distribution of order statistics.

Let U and V be iid uniform random variable on [0, 1], and let

X =min(U, V) and Y = max(U, V). We have discussed that the
probability P(x < X < x + dx) is approximated by f(x) dx. Similarly, we
can find the following formula in the case of joint distribution.

P(x <X <x+4dx,y <Y <y+dy)="Ff(x,y)dxdy.
In particular, we can obtain

P(x < U<x+dx,y <V <y+dy)=dxdy.
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Problem

By showing that

P(x <X <x+dx,y <Y <y+dy)
=P(x<U<x+dx,y<V<y+dy)
+P(x<V<x+dx,y <U<y+dy),

Justify that the joint density function f(x,y) of X and Y is given by

f(x,y) 2 ifo<x<y<1;
X, y)=
0 otherwise.
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Problem
Continue Problem 8, and answer the following questions.

1. Find the conditional density fx|y(x|y) and fy|x(y|x).
2. Find the conditional expectations E(X|Y = y) and E(Y|X = x).
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Problem

n' -9
Let T ¢
iz
foxy) = J G =y fx=0L. . ,nand0<y<L;
X, y)=
0 otherwise.

1. Find the marginal density fy(y) = > 1_, f(x,y) for 0 <y <1, and
the conditional frequency function fx|y(x|0) given Y = 6. Then
identify the distribution for fx|y(x|0).

2. Find the marginal freqency function fx(x) = fol f(x,y)dy.

3. Given x = k, find the conditional density and fy|x(y|k), and identify
the distribution for fy|x(y|k).

In Bayesian statistics (later in this semester) fy(y) is called a prior
distribution of parameter 6 of binomial distribution (n, ), and
fyix(v|k) is a posterior distribution of parameter ¢ provided that we
have observed X = k from the binomial distribution.
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Answers to exercises
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Problem 1.

Observe that 3052/5 = 652 has a y2-distribution with 30 degrees of

freedom.

(a) P(5% < ¢) = P(65% < 6¢) = 0.90 implies 6¢ = X3 ; 3 ~ 40.26.
Thus, ¢ =~ 6.7.

(b) P(S% < ¢) = P(65% < 6¢) = 0.95 implies 6¢ = X3 o530 ~ 43.77.
Thus, ¢ ~ 7.3.
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Problem 2.

4X—p)
S 5/\/_

Observe that

has a t-distribution with 15 degrees of
freedom.
(a) ¢ = to.025,15 ~ 2.13.

(b) ¢ = to.005,15 ~ 2.95.
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Problem 3.

(a) N(0, 402).

(b) Since W/o? = (X5/0)? + - -+ + (X10/0)? and each (X;/o) has the
standard normal distribution, W/a2 has the chi-square distribution with
6 degrees of freedom.

z/2 _ Z/(20)
vW/e  /(W/a?)/6

of W/az, and has the standard normal distribution,

(c) We can write . Since Z/(20) is independent

Z/2
JW/6

has the

t-distribution with 6 degree of freedom.

(d) Since P <\/LW < c> =P ( ZV{/2/6 < ?c) the result of (c)

implies that Y0¢ = tg 056 ~ 1.94. Thus, ¢ ~ 1.58.
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Problem 4.

(B) P(V>t)=P(Xy >t)x---x P(Xy >t)=e Mt x ... x e Mt =
exp (— D )\,-) is the survival function of V. Therefore, V is an
exponential random variable with parameter 27:1 A
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Problem 5.

(b) Let Yl = min(Xl,Xz), Yz = min(X3,X4), and Y3 = min(X5,X6).
Then Y7, Y2 and Yj are iid exponential random variables with parameter
2. Since V = Y(3), we obtain

fu(t) = 6Ae (1 — e 22)2 > 0.

By integrating it, we can find the cdf Fy(t) = (1 — e2*t)3.
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Problem 6.

Let X; denote the lifetime of the i-th chip, and let V denote the lifetime
of the card. Then X;'s are iid exponential random variables with A, and
V= X(2). Thus, we obtain

fu(t) = n(n — DA [e M=Vt =20t -+ > 0,
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Problem 7.

Each of n servers completes a job independently in an exponentially
distributed time with A. Then it is known that the sojourn time between
the jobs is exponential with n), and that the sojourn times are
independent each other. Therefore, (i) the distribution of the waiting
time at the top of the queue is exponential with n), and (ii) the
distribution of the waiting time for the second in the queue is given by
the sum of two iid exponential random variables, that is, the gamma
distribution with (2, n}\).
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