MATH 4480/5480: PROBABILITY & STATISTICS II

Q.1 (20 points) Let X and Y be random variables. The joint density function of X and Y is given by

F@.y) xy ifo0<z<y<l1;
T,Y) =
Y 0 otherwise.

(a) Find the marginal density fx(x) of X.

1
fx(x) = / Szydy = 4x(1—2?), 0<z<1.
T
(b) Find the conditional density f(y|z) of Y given X = x.
2y

flylz) = ¢ 1—a?
0 otherwise.

ifr<y<l

(¢) Find the best predictor of Y given X.

% 1 2 201 —2%)  2(1 +x + 22
E(Y!X=rc)=/_ooyf(y!m)dy=/x y<1_yxz) dy:3E1_x2; - (SZrl +Z) )

_201-X%) 201+ X+ X?)
Thus, E(Y|X) = 3(1-X2) 3(1+X)

Q.2 (20 points) The function f(z,y) = ﬁ exp (—%Q(m, y)) with the quadratic form

y—6x—58>2

Q) = (o174 (10

gives the joint density function for (X,Y).

(a) Find the marginal density function fx(x) for X.
fx(@) = Zzexp [~5(z = 7)7]

(b) Find the conditional density function fyx (y|z).

2
1 1 (y—6z—58
SmeXp{_2 (1osem2) }
(c) Find the conditional expectation F(Y|X) and the conditional variance Var(Y|X).
E(Y|X)=6X +58 and Var(Y|X) = (8)?

fyix(ylz) =

Q.3 (20 points) Suppose that X; and Xy are independent normal random variables with parameters
(p1,02), (u2,0%), and that p1 = 3 and pp = 1. Consider the linear transformation U = g1 (X1, Xa) =
X1+ Xo+5and V = go(X1,X2) = 2X2 + 9. Then we know that (U,V) has a bivariate normal

distribution with parameters i, ty, oy, 0y, and p.
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X1

U
(a) We can express [V] =A [ X,

o[y -

(b) Find the mean parameters pu,, and p,.

el =l o Gl v =lo o ]+ ] = L)

(¢) Find oy, 0y, and p in terms of o and os.

] + b. Find the matrix A and the vector b.

The covariance matrix for (U, V) is given by

r [1 1][o? 0][1 0] [o?+03 203
AEA_[02 0 o3| |1 2| | 203 403

Thus, o, = \/0‘% —1—0%, oy = 209 and p = %.
\V o1+ 05

Remark. The direct calculation of Cov(U, V') can be obtained as follows:
Cov(U,V) = E[(U = pu)(V = )] = E[(X1 + X2 — 4)(2X3 — 2)]
= 2E[(X1 — m1)(X2 — p2)] + 2B[(Xz — p2)?] = 2Var(X3) = 203
Var(X) and Var(Y') can be similarly calculated.
Q.4 (20 points) Let

I'a+p) go-1
I'(a)L'(B)

be a beta distribution with parameter («, 3). Answer the following questions.

flz) = 11—zt o0<z<1,

(a) Suppose that Xy,...,X,, are iid random variables from the uniform distribution having the pdf
f(x) = 1,0 < 2 < 1, and that X(;) is the k-th order statistic. Find X() having a beta
distribution, and identify o and £ in terms of n and k.

Ehe k—thkordler statistic X(;) has the pdf f(x) = Wgﬂ_k)!xk_l(l — )" % Thus, @ = k and
=n—r+ 1L

(b) Find E[X?k)] in terms of n and k.

_ [ __ T(n+1) ! .
E[X(g)k)] = /0 2’ f(x) do = TT(n—k + 1) /0 " 21— )"k da
_ I'(n+1) <F(k+3)F(n—k+1)> (B 2)(k+ 1)k

L(k)I'(n—k+1) I'(n+4) C (n+3)(n+2)(n+1)
Q.5 (20 points) Let X1,..., X, be iid normal random variables with mean x and variance o2, and let
1 & 1 & _
X=-) X;and S? = X; - X)%
- z; and §% = —— ;( )
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(a) k x i

Give the name of distribution with specific degrees of freedom, and find & in terms of n.

— | is related to some type of distribution by multiplying it by some constant value k.
o

It has a y2-distribution with n — 1 degrees of freedom when k = n — 1.

(b) k x S“) is related to some type of distribution by multiplying it by some constant value k.
Give the name of distribution with specific degrees of freedom, and find £ in terms of n.

It has a t-distribution with n — 1 degrees of freedom when k = y/n.

X —
(c) Suppose that n =9. Then find the value k so that P ( F< k> = 0.05.
£0.05,8
k=——--=-1.86/3 =—0.62.
V9 /
X —p

(d) Suppose that n = 25. Then find the value k so that P (‘ ‘ < k) = 0.95.

t0.025,24
k= 20

V25

=2.064/5 = 0.4128.
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