2023 ANNUAL INTEGRATION BEE

Integration Techniques

Derivatives and integrals of basic functions.

Functions Derivatives Indefinite integrals
Fundamental theorem d
of calculus %F(aﬂ) = f(x) /f(x) de = F(z)+C
Power and logarithmic d g+l
functions %x” =nz"! /m" dzx = oy +C (n#-1)
d 1
—In|z| = - /fdx:1n|m|+C’
dx T
Exponential functions d
—e® =¢e" /emdx:e:”—i—C
dzx
Trigonometric functions
—sinx = cosx /cosxdx:sinx—i—C
dzx
—cosz = —sinx /sinxdaﬁ:—cosx—i—c
dz
2 2 1
—tanx = =sec’x sec” xdx = dr = tanx + C
dx cos? x cos? x
1
—cotr = ——— = —csc’x /cchxdz:/ ——dz=—cotx+C
dx sin® x sin® x
d—sec:c:secxtanx /secztanxdx:sechrC
T

—cscx = —cscxrceotx
dz

secxdr =In|secx + tanz| 4+ C

cscxcotxdr = —cscax + C

cscxdr = —In|cscx + cotz| + C

Hyperbolic functions

— sinhz = coshz
dzx

d
— coshx = sinh z
dx

coshx dx = sinhz + C

sinhxz dxz = coshz + C

— S [

1
— tanhx = 5 = sech®z ————dr =tanhz +C
cosh” cosh” x
1 1
— cothzx i —csch?z s dr = —cothz +C
sinh” x sinh” x
Inverse trigonometric 1 1
functions —sinle= —— / ——dr=sin"tz+C
d V1—2? V1—2?
1
R e e—
d V1 — 22
1 1
el -1, _ - _ -1
dxtan x 52 /1+x2dm tan” "z +C
Inverse hyperbolic 1 1
functions —sinh tog= — / ——dr=sinh tz+C
dx V2 +1 vz +1
1 1
— cosh ™tz = /7dx:cosh71x+0
d 22 —1 Va2 -1
1 1
il 1. o _ -1
7 tanh™ " x .2 /1_x2da: tanh™ x4+ C
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Integration Techniques

Formulas and identities of basic functions.

Logarithmic and

Inx
. . 1
Exponential functions log, ©x = — a® =e*mne
Ina
Trigonometric functions sin o 1 1 COS T
tanx = secxr = CSCT = — cotxr = —
Ccos T Ccos T sinx sinx

cos’z +sin?z =1

2 2

T =sin“x

t(1/x)

1 — cos

sec™tx = cos™

sin 2x = 2sin x cos x

cos 2z = cos? z — sin® x

1 —cos2x
2

2

sin“x =

csc 'z =sin"! (1/x)

1+ tan?z = sec’ z
sec? —1 = tan’z
cot™l 2 = tan=1 (1/z)"

i

. 9 i T T 2tan§
sinx =2sin—cos — = ——=—
2 2 1+tan2%
9T L9 X 1—tar12%;t
CoST = cos” = —sin” - = ———=>
2 2 1+ tan 5
9 1+ cos2x
cos x:#

Acosz + Bsinz = \/ A2 + B2 cos(z — 0) where A > 0 and 6 = tan='(B/A).

Hyperbolic functions

sinhx:T sinh_lx:ln‘x—k \/x2—|—1’
coshm:% coshflmzln’x—i— \/3:2—1‘
sinh T et 1 1
tanhx = sy _ ¢ ¢ tanh 'z = = In t
cosher e*T+e 2 1—=x
1
hy = hr = tho =
Seeht coshx eseht sinh x cothr tanh x
cosh?z —sinh?z = 1
t Derivatives of inverse trigonometric functions:
d 1 d 4 1 1
a) —sec & = — CoS 1/x) = =
(a) dx dx (1/2) 22y/1— (1/2)2  |z[va? -1
d 1 1
b) —cot™ 'z = —tan"! (1/z) = — =
(b) dz T T @ (1/z) 22(1+ (1/2)?) 22 +1
1 Half-angle tangent substitution:
Substitution Identities
2t 1-¢2 2
t = tan (E>7 E:tanflt; sine = ——, —, dr=-——=dt.
2 2 1+¢2 142 1+1¢2
Exampl /Hsm /(1+t)2dt / 1+ dt t+/1d (Al)s=1+¢, o =2
xample. ——dx = = = —ds 1) s = s —
P 1+ cosx 14 ¢2 1+ t2 s ' dt

=t+1n|8|—&-C':tang—f—ln‘l—&—tanzg‘+C
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2023 ANNUAL INTEGRATION BEE

Integration Techniques

Strategies for integration and sample problems.

No silver bullet. Here is the review of basic integration techniques, together with some of the challenging problems
presented at University of North Texas Integration Bee. You will see that even computer algebra systems such
as Maple and Mathematica are not tough enough to complete them. Nevertheless, you could outperform smart
software with the basic techniques we have learned.

Simplifying the integrand first. Identities can be used to fit the integrand to the integral of basic functions.

1 1
. de= | -
(2) /1+0052m * /20082x v

1
(b) /%dx =
sinx + cosx
1

7 e

1
zatanx—i—C

%/sec(w—%) dz

:—ln‘sec(x—%)—i—tan(x—%)‘—&—C

V2

A. Substitution rules.

dt
(A1) /y%dxf/ydt

bmf / )
=2 [ sintdt
f

= —2cost+ C = —2cos vz +C

1
(b) /Cos(xinx)dx:/costdt
=sint+ C =sin(lnz) + C

(©) / sm'x do —
1+sinz

(a)

2

1 —sin“x
sin x sin? :c 1
= - = dt — ~1|d Al)t= at _
/ cos? x / cos? x / / [cos2 ] . (A1) COST, Uy
1
=- —[tanz — 2]+ C = —tanz+z+C
t cosT
1 .
dx (Maple cannot evaluate; Mathematica can.)
\/1—m2+sin71x—m251n71x
1
/ dx:/—dt (A.l)t:l—l—sin*lx j—tz#
’ dx 1—x2
\/ 1+sin~'z) Vi
:2t5+C=2\/1+sin_1x+C
(A.2) /ydx—/ —dt
) /x2\/3:+4dx:/(t2 4)* t2t dt (A2) 2=z +4, % =2¢
1 8 16
:2/(t6—8t4+16t2)dt:2 St — P+ ) +C
7 5 3
2 16 32
= ?(w—i-él)% - g(ac+4)g +Z@+4):+C

3

/sinm(l —sinx) de

(Mathematica cannot evaluate; Maple can.)

(A1) t = /x, j—i = 2\1/5
d
(A1) x, ﬁ = %

—sinz
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2023 ANNUAL INTEGRATION BEE Integration Techniques

2t
(b)/mdx:/tf_ldt (A2) 2 =1—¢", %= 2t

1
:2/{1_1t2} dtzQ[t—tanhflt]+C:2\/1—ew—2tanh71\/1—ex+0

1 1 [ 1 —
(c)/$4716dx=§/7dt (A2)x =2t F=2

1 1 1 1 » .
_ 1 _ dr = — [—tanh™ 't — tan~'¢
16/[1&2—1 t2—|—1} =g L tan an”lt] +C

1 1 (x 1 /(T
= 16tanh (2> tan ()—I-C

2
(d)/\/%dx:Q/(t2+l)2dt (A2) 2 =p—1, &=
4 2 25, 453 2 s 4 3 1
=2 [t 422+ dt = 28+ S0 42+ C= (@ - DI+ - Di+2e -1l 40

ldy ,

secx + tanx
(a) /secxdw = /secxidx (A3) y =secx + tanz, % = secz tan x + sec?
secx + tanx il

=lnly|+ C =In|secx + tanz| + C

cscx + cotw
(b) /cscxdx:/cscxidx (A.3) y =cscx + cot x, % = —csczcotx — csc? x
cscx + cot x i

=—Inly|+C = —In|cscx + cotz| + C

(A.4) Trigonometric substitution.

Substitution Identities
T = asint, t=sin"! (E), a? —2? =a%cos’t, dx =acostdt.
a
r =atant t=tan"! (E), a® + 22 =a%sec®t, dx = asec’tdt.
a
T = asect t =cos? (E); 22 —a® =a’tan®t, dx = asecttantdt.
x
()/ L4 dt =1 +C=sintz+C (Ad) 7 = sint
a ———dx = = =sin" " x 4) x = sin
V1—22
1
(b)/ﬁdw:/dt:t—i—C:tan_lx—i—C (A4) z = tant
x
1 :
(c) T2 dx = [ sectdt (A4) z =sint
-

1 1
:lnsect+tant|+C=21n‘1+m =tanh ™'z +C
—x
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2023 ANNUAL INTEGRATION BEE Integration Techniques

(d) /\/%dx = /sectdt (A.4) z =tant
x

:ln\sect+tant|+C:ln‘ 1+$2+x‘:sinh71x+0

1
e ————dx = [ sectdt A4) z=sect
Sy w5
:ln\sect+tant|+C:ln‘x+\/:E2—1‘:cosh71x+C

B. Integration by parts: /udv =uv — /Udu

2 2
(a) /\/Elnxdx:§x%lnxf§/x%dx (B) u=Inz, vz%x%
2 4
= ga:% Inz — §a:% +C
(b) /e’” sinxdr = e®sinx — /e”’ cos x dx ’ (B) u =sinz, v=-e" (Maple cannot simplify.)
=eYsinx — [e“’cosz+/e"”sin:vd:z:] ’(B)u:cosz, v:e“"

2
=e’sinx — e® cosx — /e‘” sin z dz, which implies /ex sinz dr = 5(8111:0 —cosx).

1
(c) /x?’e””dxzi/te_tdt (A1) t=2? 4L =2
1 t —t —t
:§_t6 + [ e tdt ’(B)u:t,v:—e
17 - 1. 1, o 1,
2[tet+/etdt} [—tetfet]JrC’:fixe 3¢ +C
(d)/*dm—él/#dt (A2) x =2t, 9 =2
Q4 et 47 - (6t+67t)2 . - Yodt T
t
:/ 5 dtzttanht—/tanhtdt ’(B)u:t, v = tanht
cosh” ¢
sinh ¢ 1 d A
={tanht — dt = ttanht — [ —ds (A.1) s =cosht, &7 =sinht
cosht s

=ttanht —In|s| + C = (x/2) tanh(x/2) — In| cosh(x/2)| + C

. _ dt __
/tsmtdt (Al)t=2a? St =22

N —

(e) /x‘3 sinz? dx =

1
=3 [—tcost—l—/costdt} ’(B) u=t, v=—cost

2

t 1 1
= —§cost+ §sint+C= —%cost + §sinm2+C
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2023 ANNUAL INTEGRATION BEE Integration Techniques

b — _ging

(A1)t =cosz, o&

() /sinx1n|cosx|dx:/—1n|t|dt

—tIn ¢ +/ dt

—tlnft|+t+C = —coszln|cosz|+ cosz + C

’(B)u:1n|t|, v:—t‘

dx B)u=2z, v=—(2?+8)

—Q?(SL’Q +8)% +/(x2i8)

%
(A.2) z = /8,

dz _
dt

7

st

t+C=—

+sinh ™!

—L — = 4 sinh! (x> +C
V2 +8 Va2 48 V8

C. Integration of rational functions.

I

(C.1) Partial fractions

L1

2B+1 3
_1
T2 | 22

[*Use et + 1= (2> +1)% —
341

o [t e

2t 1

1
rz+1

1 1
-1 2241

xr— 2
2 —x+1

|

(V2a)?

T+ 2
2t +1

x—i—\@ _
22420+ 1

|

r—+/2
—V2x+1

1
23— 1 3 rx—1
1
4 —1

V2
T4

$4+1 22

:(x2+\/§x+1)(x2—\/§x+l)]

1
—d
3+ 8 v

1
— dt
1 11, 3

\@
2"

BYER!
T4

1
t+1

dr __
7%72

tz_mdt}

o (27
tan~! (x\};) +C
)/

and (A.1) with ¢t =22 + bz + ¢

(A2) x =2t

(C.1)

1

1n|t+1|——1n|t2—t+1|+
2

4

V3

12

T4

1
—1‘ 1‘_71
5 Mgt 2

+

1
224+ bx +c

r+a
22 +bx+c

b

dr = (3)In|2® + bz + [ * + 3 dx

(a-

(C.2) /

[* Use dt

) dx

x+a
z2+bx+c

2x+b

z2+bx+c =2+ b

=(3) + (@ = 3) mrare

2 2x+b

if b2 —

T
[b2—4c|2

1
—  dx
2 +br+c

(C.3) /

_ 2
T
|62 —4c|2

an~?! (

[b2—4c|2

) *kk
T
2x+b

o

|62 —4c| 2

1
|:** Use x2+bx+c =

4
(2z+b)2—(b%2—4c)

and (A.2) with [b? — 4c|

> if b2 —

4c < 0

4c > 0.

1
[b%—4c|2

3t =20 +b, 9T = 5

) dt
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1 2 2r+1

N PN
(2) /x2+x+1dx 5 tan ( 7 )+c (C.3)
(b)/#daz—/#dm—l/L (Al t=a%+3 2 =2
a2 4+1 7 ) (a2 +1)2 42 2) 243 = 30 dr
1 (2
= —=tan — | +C C.3
s (%) €3
2x2+1>
= —tan! +C
V3 ( V3
1 T 2n -1 1
.4 = 3k >k sk
(C )/(1+x2)n+1 o= asar o /(1—|—w2)” de
1 T 2n -1 1
/(lfIQ)"+1 = i—y " o /(173;2)71 da
“** Uge d x . 2n-—1 . 2n
de \(1+22)")  (1+a2)"  (1+a2)n+!
1 cosx 1
5 _ _ _ _ dt _
(a) /sec xdx_/cosf’w _/(15,m2:r)3 I_/(l—t2)3 dt (A1) t =sinz, &£ =cosz
t 3 1 t 3 t 1 1
= 2 — 2 1 D twi
4(1—t2)2+4/(1—t2)2dt 1= ) 4{2(1—t2)+2/(1—t2)dt] (C.4) twice
t 3t 3 1 sinz 3sinz 3 1.
= —tanh™ " ¢ = ~ tanh
4(1 = %) * 8(1 —1t2) Tgen +c dcosiz | Beosta | 80 sinz + O
1 1 1 in
(b) /(CE2+4)3 dil?:32/(t2+1)3dt (A.2) x = 2t, E:2
1 t 3 1 1 t 3 t 1 1 :
- L LN (R NN Y G P . S S Lo
T332 |42+ 1) 8@+l 8 T 16(2 1 4)2 ' 128(z2+4) | 256 2
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